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Lecture contents

Chapter 3. The Lorentz and Poincare groups

▶ III.1. The Lorentz and Poincare groups

▶ III.2. Unitary representations of the Poincaré group

▶ III.3. Discrete symmetries; Representations of the full Poincare group

▶ III.4. Symmetries and conserved quantities



III.1. The Lorentz and Poincare groups
III.1.1. Definitions

▶ Def: An event is characterized by four numbers: xµ = (x0, x), with
x0 = ct representing the “temporal length” (time multiplied by c)
and x the usual spatial coordinates.

▶ Def: The difference xµ = xµ1 − xµ2 between the coordinates of two
events is a coordinate four-vector.

▶ Obs: The coordinates of an event can be considered as a four-vector
when (implicitly) expressed as the difference with respect to the
origin at (ct, x) = (0, 0).

▶ Def: The scalar product of two four-vectors uµ and vµ can be
defined in terms of the Minkowski metric tensor gµν :

u · v = gµνu
µvν = u0v0 − u · v, gµν = diag(1,−1,−1,−1). (1)

▶ Def: The length of a four-vector is u2 = gµνu
µuν = (u0)2 − u2.

▶ Def: The 4D spate-time endowed with the Minkowski metric gµν is
called the Minkowski space-time (ST).

▶ Def: The components uµ are contravariant components.
▶ Def: uµ = gµνu

ν = (u0,−u) are covariant components.
▶ Def: uµ = gµνuν uses the inverse metric tensor,

gµν = gµν = diag(1,−1,−1,−1).



III.1.2. Homogeneous Lorentz transformations
▶ Def: The homogeneous Lorentz transformations are continuous

linear transformations which preserve the length of 4-vectors:

êµ → êµ′ = êµΛ
µ
µ′ , xµ → xµ

′
= Λµ′

νx
ν , x2 = x ′2. (2)

▶ Obs: The preservation of norm implies
x ′2 = gµ′ν′xµ

′
xν

′
= gµνx

µxν , i.e.

gµ′ν′Λµ′

µΛ
ν′

ν = gµν ⇔ ΛTgΛ = g , Λ−1 = gΛTg−1. (3)

▶ Since det g = −1 ⇒ det Λ = Λ0
µΛ

1
νΛ

2
λΛ

3
σε

µνλσ = ±1, with
ε0123 = 1.

▶ Moreover, gµνΛ
µ
0Λ

ν
0 = (Λ0

0)
2 − (Λi

0)
2 = 1 ⇒ |Λ0

0| ≥ 1.
▶ Def: The homogeneous Lorentz transfs. are linear 4× 4 matrices

with Λ0
0 ≥ 0 that leave gµν and εµνλσ invariant (i.e., detΛ = 1).

▶ Eq. (3) provides 10 relations ⇒ Λµ
ν is characterized by 16− 10 = 6

indep. params.: 3 rotations and 3 Lorentz boosts:

Rµ
ν =

(
1 0
0 R i

j

)
(L1)

µ
ν =


cosh ξ sinh ξ 0 0
sinh ξ cosh ξ 0 0
0 0 1 0
0 0 0 1

 , (4)

with cosh ξ = γ and sinh ξ = βγ, s.t. tanh ξ = β = v/c .



III.1.3. Proper Lorentz group

▶ The proper Lorentz group L̃+ is comprised of the homogeneous
Lorentz transfs. that are continuously connected to E , i.e. having
detΛ = 1 and Λ0

0 ≥ 1.

▶ The group is called SO(1, 3), signaling the signature of the metric
gµν with respect to which Λ are orthogonal.

▶ The pure boosts, such as L1, are unbounded, as
−∞ < ξ <∞ ⇒ L̃+ is non-compact.

▶ It can be seen that (L†1)
µ
ν = (L1)

µ
ν ̸= (L−1

1 )µν ⇒ Λ are non-unitary.

▶ Covariant components transform with the inverse matrix:

uµ′ = gµ′ν′Λν′

νu
ν = Λµ′

νuν = uν(Λ
−1)νµ′ . (5)

▶ Similarly, the four-derivative ∂µ = (c−1∂t ,∇) transforms as a
covariant vector:

∂µ′ =
∂xλ

∂xµ′ ∂λ = (Λ−1)λµ′∂λ = Λµ′
λ∂λ. (6)



III.1.4. Causality structure

▶ When expressed w.r.t. xµ0 = (0, 0), events xµ fall in one of three
distinct ST regions, separated by the light cone (LC):

x2 = c2t2 − x2 = 0. (7)

▶ Future cone: when x0 > 0 and x2 = (x0)2 − x2 > 0;
▶ Past cone: when x0 > 0 and x2 = (x0)2 − x2 > 0;
▶ Region outside the light cone: x2 < 0.
▶ Intervals within the LC are time-like and ∃Λ ∈ L̃+ s.t. xµ

′
= (ct ′, 0).

▶ Int. outside the LC are space-like and ∃Λ ∈ L̃+ s.t. xµ
′
= (0, x′).

▶ Vectors are time-like (u2 > 0), space-like (u2 < 0), or null (u2 = 0).



III.1.5. Decomposition of Lorentz transformations
▶ Theorem: A general Λ ∈ L̃+ can be uniquely factorized as

Λ = R(α, β, 0)L3(ξ)R
−1(ϕ, θ, ψ), (8)

where L3(ξ) is a boost along the positive z axis: 0 ≤ ξ <∞.

Proof: (i) Since gµνΛ
µ
0Λ

ν
0 = (Λ0

0)
2 − (Λ1

1)
2 − (Λ2

2)
2 − (Λ3

3)
2 = 1,

one can parametrize

Λ0
0 ≡ A0 = cosh ξ, (Λ1

0,Λ
2
0,Λ

3
0) ≡ A = sinh ξ n(β, α), (9)

with n(β, α) = sinβ(i cosα+ j sinα) + k cosβ.
(ii) Consider t̂µ = δµ0 = (1, 0, 0, 0) a unit vector along the time axis.
Then, all SO(3) rotations form the little group of t̂µ, since Rt̂ = t̂.
Furthermore,

[Λt̂]µ = Λµ
0 = Aµ, [R(α, β, 0)L3(ξ)t̂]

µ = Aµ. (10)

Hence, Λ−1R(α, β, 0)L3(ξ) ∈ SO(3) as it leaves t̂ invariant:

Λ−1R(α, β, 0)L3(ξ) = R(ϕ, θ, ψ) ⇒ Λ = R(α, β, 0)L3(ξ)R
−1(ϕ, θ, ψ).

▶ A pure rotation corresponds to ξ = 0;
▶ A pure boost along n̂(θ, ϕ) corresponds to ψ = 0, α = ϕ and β = θ.



III.1.6. Relation to SL(2,C)
▶ Let xµ → X = xµσµ, with σ

µ = (E ,σ) and

E =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (11)

▶ Then:

X =

(
x0 − x3 −x1 + ix2

−x1 − ix2 x0 + x3

)
, detX = (x0)2 − x2 = x2. (12)

▶ A Lorentz transf. acting on xµ induces a transformation A acting as
X → X ′ = AXA†.

▶ Since xµ
′
= Λµ′

νx
ν has the same length as xµ, we have

detX ′ = detX | detA|2 = detX . (13)

▶ We fix the phase of A such that detA = 1.
▶ Def: The Special linear group SL(2,C) consists of the complex

2× 2 matrices A having unit determinant: detA = 1.
▶ SL(2,C) is characterized by 6 independent parameters (4× 2 = 8

real entries −2× 1 from determinant constraint).
▶ To each matrix Λ, we can associate two matrices ±A(Λ), as both

detA = 1 and X ′ = AXA† are quadratic in the elements of A.
▶ SL(2,C) is the universal cov. gr. of SO(1, 3), as SU(2) is for SO(3).



III.1.7. Poincaré group.

▶ Def: The space-time translations and proper Lorentz
transformations, as well as their products, form the group P̃, called
the Poincaré Group, or the inhomogeneous Lorentz group.

▶ g(b,Λ) ∈ P̃ acts as xµ → xµ
′
= bµ

′
+ Λµ′

νx
ν .

▶ The products is g(b′,Λ′)g(b,Λ) = g(Λ′b + b′,Λ′Λ), while
g−1(b,Λ) = g(−Λ−1b,Λ−1).

▶ The transformation can be represented using 5× 5 matrices:

g(b,Λ) →
(
Λµ

ν bµ

0 1

)
, xµ →

(
xµ

1

)
. (14)

▶ Theorem: A general element of the Poincaré group can be
factorized as g(b,Λ) = T (b)Λ.

▶ Theorem: The translations form an invariant subgroup:
ΛT (b)Λ−1 = T (Λb).



III.1.8. Lie algebra of the Poincaré group

▶ The Poincaré group has 10 generators: 4 for space-time translations;
3 for the SO(3) rotations; and 3 for the Lorentz boosts.

▶ Def: The covariant generators for translations Pµ are defined by

T (δb) = E − iδbµPµ ⇒ T (b) = e−ibµPµ . (15)

▶ Theorem: Under the Lorentz group, Pµ transform as

ΛPµΛ
−1 = PνΛ

ν
µ, ΛPµΛ−1 = (Λ−1)µνP

ν . (16)

Proof: Applying ΛT (b)Λ−1 = T (Λb) infinitesimally gives

Λ(δbµPµ)Λ
−1 = (Λν

µδb
µ)Pν ⇒ ΛPµΛ

−1 = PνΛ
ν
µ. (17)

Raising the index gives ΛPµΛ−1 = Λν
µPν = (Λ−1)µνP

ν .



▶ Def: The covariant generators for the Lorentz transformations Jµν
are anti-symmetric tensors defined by Λ(δω) = E − i

2δω
µνJµν .

▶ In the case of rotations, R(δθ) = E − iδθ · J gives the identification:

δθ1 = δω23 = −δω32, J1 = J23 = −J32,

δθ2 = δω31 = −δω13, J2 = J31 = −J13,

δθ3 = δω12 = −δω21, J3 = J12 = −J21. (18)

▶ More compactly, Jk = 1
2ε

0kmnJmn and J12 = −ε0123J3, with
ε0123 = −ε0123 = 1.

▶ In the case of the Lorentz boosts, Λ(δξ) = E − iδξ ·K, with

δξm = δω0m = −δωm0, Km = J0m. (19)

▶ In the usual representation, (Jµν)
α
β = i(δαµgνβ − δαν gµβ), e.g.:

Jx =

0 0 0 0
0 0 0 0
0 0 0 −i
0 0 i 0

 , Jy =

0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0

 , Jz =

0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

 ,

K x =

0 i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

 , K y =

0 0 i 0
0 0 0 0
i 0 0 0
0 0 0 0

 , K z =

0 0 0 i
0 0 0 0
0 0 0 0
i 0 0 0

 .



▶ Theorem: The Lie algebra of the Poincaré group is given by:

[Pµ,Pλ] = 0, [Pµ, Jλσ] = −i(Pλgµσ − Pσgµλ),

[Jµν , Jλσ] = −i(Jµλgνσ − Jµσgνλ − Jνλgµσ + Jνσgµλ). (20)

Proof: By brute-force calculation, using the explicit form in the
natural representation.

▶ Theorem: (i) The generators Jµν transform under Ω as:

ΩJµνΩ
−1 = Jµ′ν′Ωµ′

µΩ
ν′

ν . (21)

(ii) Let Λ(ω) be a proper Lorentz transformation. Then:

ΩΛ(ω)Ω−1 = Λ(ω′), ωµ′ν′
= Ωµ′

λΩ
ν′

σω
λσ. (22)

Proof: (i) For small δΩαβ , LHS evaluates to:

LHS = Jµν − iδΩαβ [Jαβ , Jµν ] = Jµν − 2JαµδΩ
α
ν + 2JανΩ

α
µ.

RHS evaluates to:

RHS = Jµ′ν′(δµ
′

µ − iΩαβ(Jαβ)
µ′

µ)(δ
ν′
ν − iΩαβ(Jαβ)

ν′
ν),

in agreement with LHS.

(ii) Follows automatically from (i).



Exercises

1. Using the group multiplication rule shown on slide 9, show that
ΛT (b)Λ−1 = T (Λb).

2. Compute [Jµν , Jλσ] using the explicit expression for the Lorentz
transformations generators in the natural representation, shown on
slide 11, and confirm Eq. (20).

WKT10.3 Verify the following commutation relations using (a) the 5× 5
matrix representation; (b) using Eq. (20):

[P0,Pm] = [Pn,Pm] = 0, [P0, Jn] = 0,

[Pm, Jn] = iεmnlP l , [Pm,K n] = iδmnP
0, [P0,K n] = iPn,

[Jm, Jn] = iεmnlJ l , [Km, Jn] = iεmnlK l , [Km,K n] = −iεmnlJ l ,
(23)

with εmnl = ε0mnl = 1.

3. Show that a) RKmR
−1 = Km′Rm′

m; and b) RLn̂(ξ)R
−1 = LRn̂(ξ).

WKT10.4 Express Lm(ξ)JnLm(ξ)
−1 in terms of generators of the Lorentz group.


