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Motivation

Kinetic theory requires that, in global thermodynamic equilibrium, the
stress-energy tensor (SET) has the ideal form
Tµν = (E + P )uµuν + Pgµν .1

When the quantum nature of the gas is taken into account, the resulting
SET departs from the equilibrium form and non-equilibrium terms
appear.2

Using the Eckart decomposition, the hydrodynamic content of the
quantum-induced corrections can be highlighted.

1L. Rezzolla, O. Zanotti, Relativistic hydrodynamics, Oxford University Press, Oxford,
UK (2013).

2F. Becattini, E. Grossi, Phys. Rev. D 92, 045037 (2015).
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Relativistic Boltzmann equation

The relativistic Boltzmann equation can be written as3:

pµ
∂f

∂xµ
− Γiµνp

µpν
∂f

∂pi
= J [f ].

J [f ] is the collision term governing the relaxation towards
thermodynamic equilibrium f = f (eq).

For Fermi-Dirac statistics, f (eq) is:

f (eq) =
Z

exp(−βpµuµ) + 1
.

Global thermodynamic equilibrium (f = f (eq)) attained if βuµ is a Killing
vector field:

(βuµ);ν + (βuν);µ = 0.

3C. Cercignani, G. M. Kremer, The relativistic Boltzmann equation: theory and
applications, Birkhäuser Verlag, Basel, Switzerland (2002)
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Rigidly-rotating equilibrium states

Setting βu = ∂t + Ω∂ϕ gives:

β = γ−1β0, u = γ(∂t + Ω∂ϕ), γ =
1√

1− ρ2Ω2
.

The temperature β−1 diverges as the SOL (ρΩ = 1) is approached.

The resulting particle flux N α̂ and SET are:

N α̂ =

∫
d3p

p0̂
f pα̂ = nuα̂,

T α̂γ̂ =

∫
d3p

p0̂
f pα̂pγ̂ = (E + P )uα̂uβ̂ + Pηα̂β̂ ,

Results in the massless case4:

n =
3ζ(3)γ3

π2β3
0

, E =
7π2γ4

60β4
0

, P =
7π2γ4

180β4
0

.

The SET diverges as γ4 as the SOL is approached.
4V. E. Ambrus,, R. Blaga, Annals of West University of Timisoara - Physics 58 (2015) 89.
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Quantum field theory approach

In co-moving coordinates ϕ = ϕM − ΩtM, the Minkowski metric reads:

ds2 = −γ−2dt2 + 2ρ2Ω dt dϕ+ dρ2 + ρ2dϕ2 + dz2.

The Dirac equation takes the form:[
γ t̂(H + ΩJz)− γ ·P− µ

]
ψ(x) = 0.

Mode solutions of Minkowski energy E, z-axis momentum k, z-axis
angular momentum m+ 1

2 and helicity λ5:

UλEkm =
1

2π
e−iẼt+ikzuλEkm.

Ẽ = E − Ω(m+ 1
2 ) is the eigenvalue of the rotating Hamiltonian H = i∂t.

5V. E. Ambrus, and E. Winstanley, Phys. Lett. B 734, 296 (2014).
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Thermal field theory theory

Thermal expectation values (t.e.v.s) are defined as averages over the Fock
space with the weight function exp(−β0H)6:

〈A〉β = tr(e−β0HA).

The building blocks for the computation of t.e.v.s are7:

〈a†kak′〉β =
δ(k, k′)

eβω̃k − 1
, 〈b†kbk′〉β = 〈d†kdk′〉β =

δkk′

eβẼk + 1
.

The t.e.v. of the SET can be obtained as:

〈: Tα̂γ̂ :〉β = 〈Tα̂γ̂〉β − 〈0|Tα̂γ̂ |0〉 .

6N. D. Birrell and P. C. W. Davies, Quantum fields in curved space (Cambridge
University Press, Cambridge, England, 1982).

7A. Vilenkin, Phys. Rev. D 21, 2260 (1980).
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Eckart vs. Landau decompositions

Eckart: uα̂ is derived from N α̂:

N α̂ =

∫
d3p

p0̂
f pα̂ = nuα̂, Nα̂N

α̂ = −n2,

T α̂γ̂ =

∫
d3p

p0̂
f pα̂pγ̂ = Euα̂uγ̂ + (P + ω)∆α̂γ̂ + 2q(α̂uγ̂) + πα̂γ̂ ,

where the energy density E, hydrostatic pressure P , dynamic pressure ω,
heat flux qα̂ and pressure deviator πα̂γ̂ can be computed using:

E =uα̂uγ̂T
α̂β̂ , P + ω =

1

3
∆α̂β̂T

α̂β̂ ,

qα̂ =−∆α̂
β̂uγ̂T

β̂γ̂ , πα̂γ̂ =

(
∆α̂

γ̂∆β̂
ρ̂ −

1

3
∆α̂β̂∆γ̂ρ̂

)
T γ̂ρ̂,

where ∆α̂β̂ = ηα̂β̂ + uα̂uβ̂ projects on the hypersurface orthogonal to uα̂.

Landau: uα̂L is an eigenvector of T α̂β̂ : T α̂γ̂u
γ̂
L = −ELuα̂L:

T α̂γ̂ = ELu
α̂
Lu

γ̂
L + (PL + ωL)∆α̂γ̂

L + πα̂γ̂L .

No heat flux in the Landau frame.
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Eckart decomposition

The Eckart decomposition reveals non-zero heat flux and pressure
deviator (P + ω = E/3):

E =
7π2γ4

60β4
+

Ω2

8β2

(
4γ6

3
− γ4

3

)
,

qα̂ =
ρΩ3γ7

18β2
(ρΩ, 0, 1, 0) , γ =

1√
1− ρ2Ω2

,

πα̂β̂ =0.

The classical (kinetic theory) part is subleading as ρΩ→ 1.
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Landau decomposition

The Landau energy and velocity have the same form as in the scalar case,
with vanishing pressure deviator:

EL =
E

3
+

√
4E2

9
− q2,

uα̂L =

√
EL + 1

3E

2(EL − 1
3E)

(
uα̂ +

qα̂

EL + 1
3E

)
.

The pressure deviator in the Landau frame is given by:

πα̂β̂L =
2(E − EL)(3EL − 2E)

3(3EL − E)
uα̂uβ̂ +

E − EL
3

ηα̂β̂

− E − EL
3EL − E

(uα̂qβ̂ + uβ̂qα̂)− 6EL
(3EL − E)(3EL + E)

qα̂qβ̂ .
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Comparison of Landau, Eckart and Boltzmann energies
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The Landau energy (thin, continuous dark lines) presents negligible
deviations from the Eckart energy (discontinuous, coloured lines).

The difference between the Boltzmann (thin, continuous light gray lines)
and Eckart energies increase for fixed ρ and β as Ω increases; as well as
for fixed Ω as ρ is increased.
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Comparison to the Eckart energy
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To better asses the departure of the Landau and Boltzmann energies from
the Eckart energy, the following quantities are represented above:

δEL = 1− EL
E
, δEBoltz = 1− EBoltz

E
.

For all β, δEL and δEBoltz increase as the SOL is approached.

δEL and δEBoltz decrease as the temperature β−1 increases.
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Landau velocity

0.2 0.4 0.6 0.8 1.0
Ρ

0.2

0.4

0.6

0.8

1.0

VL

z

Β=2.

W=0.
W=0.5
W=0.65
W=0.8
W=0.9
W=1.

0.2 0.4 0.6 0.8 1.0
Ρ

0.2

0.4

0.6

0.8

1.0

VL

z

Β=0.5

W=0.
W=0.5
W=0.65
W=0.8
W=0.9
W=1.

The above plots compare the azimuthal velocity vzL = u3L/u
0
L in the

Landau frame (coloured, discontinuous lines) to the velocity of
rigidly-rotating observers vz = ρΩ.
The Landau velocity increases monotonically, but non-linearly, with ρ and
Ω.
vzL ≥ vz everywhere.
vzL approaches vz as β is increased.
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Rotating Dirac particles inside a cylindrical boundary

MIT bag boundary conditions8:

iγρ̂ψ(xb) = −ψ(xb).

The boundary conditions imply the quantisation of the transverse
momentum q:9

j2m,` −
2µ

qm`
jm,` − 1 = 0, jm` =

Jm(qm,`R)

Jm+1(qm,`R)
.

8A. Chodos et al., Phys. Rev. D 9 (1974) 3471.
9V. E. Ambrus,, E. Winstanley, Phys. Rev. D 93 (2016) 104014.
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Landau energy of the bounded system
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Comparison between the Landau energies of the bounded (coloured,
discontinuous lines) and unbounded systems (thin, continuous lines).

EL is always greater in the unbounded system than in the presence of the
boundary.

EL approaches the unbounded form as β is increased.
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Landau velocity
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The Landau velocity vzL = uzL/u
0
L is lower in the presence of a boundary.

vzL approaches the unbounded profile as the temperature β−1 is increased.
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Massless scalar field – Eckart decomposition

The Eckart decomposition reveals non-zero heat flux and pressure
deviator (P + ω = E/3):

E =
π2γ4

30β4
+

Ω2γ6

36β2
, γ =

1√
1− ρ2Ω2

qα̂ =
ρΩ3γ7

18β2
(ρΩ, 0, 1, 0) ,

πα̂β̂ =
Ω2γ8

54β2


ρ2Ω2 0 ρΩ 0

0 γ−2 0 0
ρΩ 0 1 0
0 0 0 −2γ−2

 .

The classical (kinetic theory) part is subleading as ρΩ→ 1.
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Massless scalar field – Landau decomposition

The Landau energy and velocity can be found by solving the eigenvalue
problem:

EL =
E

3
− 1

2
q̂ · π · q̂ +

√(
2E

3
+

1

2
q̂ · π · q̂

)2

− q2,

uα̂L =

√
EL + 1

3E + q̂ · π · q̂
2(EL − 1

3E + 1
2 q̂ · π · q̂)

(
uα̂ +

qα̂

EL + 1
3E + q̂ · π · q̂

)
.

The pressure deviator in the Landau frame is given by:

πα̂β̂L = πα̂β̂ +
E − EL

3
ηα̂β̂ +

2(E − EL)(EL − 2
3E + q̂ · π · q̂)

3(EL − 1
3E + 1

2 q̂ · π · q̂
uα̂uβ̂

+
EL − E + 3

2 q̂ · π · q̂
3(EL − 1

3E + 1
2 q̂ · π · q̂

(uα̂qβ̂ + uβ̂qα̂)

−
2
3EL

(EL + 1
3E + q̂ · π · q̂)(EL − 1

3E + 1
2 q̂ · π · q̂)

qα̂qβ̂ .
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Validity of the Landau decomposition
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The Landau frame is well-defined only where EL is real and positive,
requiring that ρΩ < (ρΩ)lim:

(ρΩ)lim =
√
x2 + x+ 1− x, x =

5

4π2
(βΩ)2.

At βΩ→ 0, (ρΩ)lim → 1 and the Landau frame is well-defined up to the
SOL;

As βΩ→∞, (ρΩ)lim → 0.5.
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Klein-Gordon: comparison of energy density
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Klein-Gordon: comparison of azimuthal velocity
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Conclusion

Thermal field theory reveals a non-vanishing heat flux in the thermal
expectation value of the stress-energy tensor for a rigidly-rotating
massless Dirac field.

The quantum corrections dominate over the classical (kinetic theory)
result in the vicinity of the speed-of-light surface (SOL).

The velocity in the Landau frame is always larger than the co-rotating
velocity (ρΩ).

Boundary effects become important at low temperatures.
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