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Boltzmann Equation

Evolution equation of the one-particle distribution function f with respect to
the Cartesian coordinates:

∂f

∂t
+

pi

m

∂f

∂x i
+ F i ∂f

∂pi
= J[f ]. (1)

Hydrodynamic moments of order N give macroscopic quantities:

N =0 : number density: n =

∫
d3p f ,

N =1 : velocity: u =
1

nm

∫
d3p f p,

N =2 : temperature: T =
2

3n

∫
d3p f

ξ2

2m
, (ξ = p−mu),

N =3 : heat flux: q =
1

2m2

∫
d3p f ξ2 ξ.
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Boltzmann equation - arbitrary coordinates

Consider a coordinate transformation x i → x ĩ such that:

pı̃ = pi
∂x ı̃

∂x i
, F ı̃ = F i ∂x

ı̃

∂x i
. (2)

This coordinate transformation induces induces a metric gı̃̃, as follows:

ds2 = δijdx
idx j = gı̃̃dx

ı̃dx ̃, (3)

gı̃̃ = δij
∂x i

∂x ı̃
∂x j

∂x ̃
. (4)

The Boltzmann equation with respect to the new coordinates reads:

∂f

∂t
+

pı̃

m

∂f

∂x ı̃
+

(
F ı̃ − 1

m
Γı̃ ̃k̃p

̃pk̃
)
∂f

∂pı̃
= J[f ]. (5)
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Triads (vielbein)

Consider the triad vector frame and its associated one-form co-frame:

eâ = e ı̃â∂ı̃, ωâ = ωâ
ı̃ dx

ı̃, e ı̃âω
b̂
ı̃ = δb̂ â, e ı̃âω

â
̃ = δı̃ ̃. (6)

The metric with respect to the triad becomes diagonal:

gı̃̃dx
ı̃dx ̃ = δâb̂ω

âωb̂, gı̃̃e
ı̃
âe
̃
â = δâb̂. (7)

The inner product p · u is decoupled from the metric:

p · u = gı̃̃p
ı̃u̃ = δâb̂p

âub̂, (8)

where pâ = ωâ
ı̃ p
ı̃.
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Boltzmann equation with respect to triads

The Boltzmann equation becomes:

∂f

∂t
+

pâ

m
e ı̃â
∂f

∂x ı̃
+

(
F â − 1

m
Γâ

b̂ĉp
b̂pĉ
)
∂f

∂pâ
= J[f ], (9)

Macroscopic quantities are now calculated using:

n =

∫
d3p̂ f , u =

1

ρ

∫
d3p̂ f p,

T âb̂ =

∫
d3p̂ f

ξâξb̂

m
, q =

∫
dp̂ f

ξ2

2m

ξ

m
. (10)

In general, a moment of f of order s reads:

M â1...âs =

∫
d3p̂ f pâ1 · · · pâs . (11)
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Boltzmann equation - Conservative form

Following Cardall et al.1, the Boltzmann equation can be written in
conservative form as follows:

∂ f̃

∂t
+

∂

∂x ı̃

(
pâ

m
e ı̃â f̃

)
+

∂

∂pâ

[(
F â − 1

m
Γâ

b̂ĉp
b̂pĉ
)
f̃

]
= J[f ]

√
g , (12)

where f̃ = f
√
g and we have assumed that F â does not depend on pb̂.

Introducing D/Dt = ∂t + uâ∇â and e = 3
2KBT , the macroscopic equations

can be obtained:

Dn

Dt
+ n∇âu

â = 0, ρ
Duâ

Dt
= nF â −∇bT

âb̂,

n
De

Dt
+∇âq

â + T âb̂∇âub̂ = 0. (13)

In the hydrodynamic regime, the constitutive equations read:

T âb̂ = Pδâb̂ − η
(
∇âub̂ +∇b̂uâ − 2

3
δâb̂∇ĉu

ĉ

)
, qâ = −κ∇âT . (14)

1C. Y. Cardall, E. Endeve, and A. Mezzacappa, Phys. Rev. D 88, 023011 (2013).
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Cylindrical coordinates

The line element in cylindrical coordinates and the associated triad are:

ds2 = dR2 + R2dϕ2 + dz2, eR̂ = ∂R , eϕ̂ = R−1∂ϕ, eẑ = ∂z .
(15)

The Boltzmann equation when the flow is homogeneous w.r.t. ϕ and z reads:

∂f

∂t
+

2pR̂

m

∂(fR)

∂R2
+

1

mR

[
(pϕ̂)2 ∂f

∂pR̂
− pR̂

∂(fpϕ̂)

∂pϕ̂

]
= −1

τ
(f − f (eq)). (16)

The advection term is implemented following Falle et al.2

2S. A. E. G. Falle and S. S. Komissarov, Mon. Not. R. Astron. Soc. 278, 586-602 (1996).
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Spherical coordinates

The line element in spherical coordinates and its associated triad are:

ds2 = dr2 + r2(dθ2 + sin2 θdϕ2), er̂ = ∂r , eθ̂ =
∂θ
r
, eϕ̂ =

r−1

sin θ
∂ϕ.

(17)

Assuming that the flow is homogeneous w.r.t. θ and ϕ, the Boltzmann
equation reads:

∂f

∂t
+

3p r̂

m

∂(fr2)

∂r3
+

1

mR

[(
(pθ̂)2 + (pϕ̂)2

) ∂f

∂p r̂
− p r̂

(
∂(fpθ̂)

∂pθ̂
+
∂(fpϕ̂)

∂pϕ̂

)]

= −1

τ
(f − f (eq)). (18)

The advection term is implemented following Falle et al.3

3S. A. E. G. Falle and S. S. Komissarov, Mon. Not. R. Astron. Soc. 278, 586-602 (1996).
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Lattice Boltzmann - Gauss-Hermite quadratures

The numerical models employed are mixed quadrature lattice Boltzmann4.
Replace integrals by quadrature sums:∫

d3p f P(p) =
∑
k

fkP(pk)

The one-particle distribution functions f and f (eq) are expanded with respect to a
mixture of Hermite(HLB) and Half-Range Hermite(HHLB) polynomials,
depending on the flow regime considered. We wil denote such models by:

cylindrical coordinates: HHLB(QR)×HLB(Qϕ)×HLB(Qz),

spherical coordinates: HHLB(QR)×HLB(Qθ)×HLB(Qϕ).

The moments of the distribution function are evaluated as:∫
d3p̂ f pâ1 · · · pâs =

QR∑
i=1

Qϕ∑
j=1

Qz∑
k=1

fijk

s∏
`=1

pâ`ijk . (19)

4V.E. Ambrus, and V.Sofonea, J. Comput. Phys. 316, 760-788 (2016)
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Circular Couette flow

R1

R2

TwTw

Ωw

To describe the flowing regimes we will use the Knudsen number Kn = λ/L,
where λ represents the mean free path and L is the caracteristic system length.
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Hydrodynamic flow regime - Kn→ 0

By solving the macroscopic equations (13) we obtain the following solutions:

Number density is evaluated by numerically solving:

∂R lnP =
(uϕ̂)2

RT
. (20)

where n = P/T and by using the constraint 2π
∫ Rout

Rin
nRdR = Ntot.

Azimuthal velocity:

uϕ̂ = R−1 Ωin

R−2
in − R−2

out

− R
ΩinR

2
in

R2
out − R2

in

, (21)

Temperature:

T = Tw +
η

κ

Ω2
in

R−2
in − R−2

out

×
(
R−2
in − R−2

R−2
in − R−2

out

− ln(R/Rin)

ln(Rout/Rin)

)
(22)

Radial heat flux:

qR̂ = − η
R

Ω2
in

R−2
in − R−2

out

×
[

2R−2

R−2
in − R−2

out

− 1

ln(Rout/Rin)

]
. (23)
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Hydrodynamic flow regime - Kn→ 0
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Figure: Profiles of number density, velocity, temperature and radial heat flux for a wall
azimuthal velocity of uw = 0.5 and wall temperature Tw = 1.0.
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Transition flow regime
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Free molecular flow regime - Kn→∞

Number density:

n = nout

(
1− θmax

π

)
+ nine

−R̃2
in

[
θmax

π
+

I0(R̃)

R̃
√
π

]
, (24)

Azimuthal velocity:

uϕ̂ =
nine

−R̃2
in

2nπ
ΩinR

{
arcsin

Rin

R
−Rin

R

√
1− R2

in

R2
+

√
π

R̃3
[I0(R̃)+2I1(R̃)]

}
.

(25)

Temperature:

T =
ninTine

−R̃2
in

dπn

{
(d + R̃2)θmax − R̃inR̃

√
1− R2

in

R2
+

√
π

R̃
[(d + 1)I0 + 2I1]

}

+
noutTout

πn
(π − θmax)− m

d
(uϕ̂)2. (26)

The following notations were used: In(R̃) =
∫ R̃in

0
ζ2n+1dζ√
1−ζ2/R̃2

eζ
2
erfζ , ζ = R̃ sin θ , R̃ = ΩinR

√
m/2Tin , θmax = arcsin(Rin/R).
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Free molecular flow regime - Kn→∞
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Figure: Profiles of number density, velocity, temperature and radial heat flux for a wall
azimuthal velocity of uw = 1.0 and wall temperature Tw = 1.0.
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Free molecular flow regime - Kn→∞
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Figure: Profiles of azimuthal heat flux and the stress tensor components T R̂R̂ ,T R̂ϕ̂ and
T ϕ̂ϕ̂ for a wall azimuthal velocity of uw = 1.0 and wall temperature Tw = 1.0.
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Heat transfer - cylindrical and spherical symmetry

Hot cylinder

Cold cylinder

Hot sphere

Cold sphere

Thot/cold = T ±∆T
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Heat transfer - spherical symmetry Kn→ 0
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Heat transfer - cylindrical symmetry Kn→ 0
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Heat transfer - spherical symmetry Kn→∞
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Heat transfer - cylindrical symmetry Kn→∞
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Conclusion

We introduced the Boltzmann equation written with respect to orthogonal
vielbeins.

The vielbeins allow the coupling between the momentum space and the
coordinate space, i.e. p2 is coordinate-independent.

The vielbein permits the momentum space degrees of freedom to be aligned
according to the symmetries of the flow.

We considered the shear flow between two coaxial cylinders and heat transfer
in cylindrical and spherical geometries: problems which become
one-dimensional in space since the vielbein allows the symmetry of the
geometry to be transferred to the momentum space.

Our models give accurate results throughout the whole range of Knudsen
number.
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