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Motivation

Why QFT analysis of rigidly rotating states?

Frame dragging for Kerr black holes.1

Anomalous transport in QGP formed at RHIC.2

Tractable analytically.3

Why adS?

Relevant to QGP through adS/CFT correspondence.4

On Minkowski, a boundary is necessary to prevent superluminal rotation.5

AdS has timelike boundary → no SOLS for “mild” Ω.6

Tractable analytically due to the maximal symmetry.7

1M. Casals et al., Phys. Rev. D 87 (2013) 064027.
2STAR Collaboration, Nature 548 (2017) 62–65.
3V. E. Ambrus,, E. Winstanley, Phys. Lett. B 734 (2014) 296–301.
4O. Aharony et al., Phys. Rept. 323 (2000) 183–386.
5V. E. Ambrus,, E. Winstanley, Phys. Rev. D 93 (2016) 104014.
6R. Panerai, Phys. Rev. D 93 (2016) 104021.
7V. E. Ambrus,, E. Winstanley, Class. Quant. Grav. 34 (2017) 145010.
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Anti-de Sitter space

In the 5D embedding space, adS satisfies

z2
0 − z2

1 − z2
2 − z2

3 + z2
4 =

1

ω2
,

where ω ≡ inverse radius of curvature.

Coordinates for static chart:

z0 =
1

ω

cosωt

cosωr
, z5 =

1

ω

sinωt

cosωr
,

zi =
tanωr

ωr
xi,

where t ∈ (−∞,∞) and 0 ≤ ωr < π
2 .

Line element of adS:

ds2 =
1

cos2 ωr

[
−dt2 + dr2 +

sin2 ωr

ω2

(
dθ2 + sin2 θdϕ2

)]
.

V. E. Ambrus, (UVT) Quantum corrections on adS POTOR-6, 23/09/2019 4 / 16



Rigidly-rotating distribution

In global thermal equilibrium, the Fermi-Dirac distribution for fermions
(q) and anti-fermions (q) is:8

fq/q =
gs

(2π)3

1

eβ(u·p∓µ) + 1
, (βuµ);ν + (βuν);µ = 0, βµ = const,

Since the Killing for rotation is βu ∼ ∂ϕ, rigid rotation corresponds to:

β =
β0

Γ cosωr
, u = Γ cosωr(∂t + Ω∂ϕ), µ = Γ cosωrµ0,

where β0 and µ0 are the inverse temperature and chemical potential at
the origin, while the Lorentz factor is

Γ =
1√

1− v2
, v =

ρΩ

ωr
sinωr =

Ω

ω
sin θ sinωr,

where ρ = r sin θ is the distance to the rotation axis.
β−1 and µ blow up on the SOLS, when Γ→∞.
The SOL can form only when Ω > ω, having the equation:

θ = sin−1
( ω

Ω sinωr

)
.

8C. Cercignani, G. Kremer, The relativistic Boltzmann equation, Birkhäuser Verlag (2002).
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Macroscopic quantities

The CC and SET are:(
Jµ

Tµν

)
=

∫
d3p

−pt

(
(fq − fq)pµ

(fq + fq)p
µpν

)
.

In global equilibrium, Jµ = Quµ and
Tµν = (E + P )uµuν + Pgµν .

For M = 0 (E = 3P ):

QRKT =
gsµ

6

(
1

β2
+
µ2

π2

)
,

ERKT =
7π2gs
120β4

+
gsµ

2

4β2
+
gsµ

4

8π2
.

For sin θ = π/2, we have:

Ω < ω: lim
sinωr→1

Γ cosωr = 0.

Ω > Ω: lim
sinωr→ω

Ω

Γ cosωr → ∞.

Ω = ω: Γ cosωr = 1 (∀r).

Ω
/ω

=
1
.0
1

Ω
/ω

=
1
.1

Ω
/ω

=
1
.5

Ω
/ω

=
2
.5

Ω
/ω

=
1
0
.
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The quantum approach: Point-splitting

Consider the Feynman two-point function:

iSF (x, x′) = 〈θ(t− t′)ψ(x)ψ(x′)− θ(t′ − t)ψ(x′)ψ(x)〉 .

The expectation values of ψψ, Jµ and Tµν can be obtained as:9

〈ψψ〉 =− lim
x′→x

tr[iSF (x, x′)Λ(x′, x)],

〈Jµ〉 =− lim
x′→x

tr[γµiSF (x, x′)Λ(x′, x)],

〈Tα̂σ̂〉 =− i

2
lim
x′→x

tr

{[
γ(µDν)iSF − gµµ

′
gν
ν′iSF

←−
D (µ′γν′)

]
Λ(x′, x)

}
,

where {γµ, γν} = −2gµν and Dµ = ∂µ + Γµ.

The spin connection Γµ = ωα̂µΓα̂ is defined with respect to the tetrad ωα̂

and eα̂:

Γα̂ = − i
2

Γβ̂γ̂α̂S
β̂γ̂ , Γβ̂γ̂α̂ =

1

2
(cβ̂γ̂α̂ + cβ̂γ̂α̂ − cβ̂γ̂α̂), cβ̂γ̂

α̂ = ωα̂µ [eβ̂ , eγ̂ ]µ.

9P. B. Groves, P. R. Anderson, E. D. Carlson, Phys. Rev. D 66 (2002) 124017.
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The Feynman two-point function for thermal states

The t.e.v. of an operator Â is 〈Â〉β0
= Z−1tr(ρ̂Â), where

ρ̂ = e−β0(Ĥ−ΩM̂ ẑ−µ0Q̂).

Noting that:

ρ̂Ψ̂(t, ϕ)ρ̂−1 = e−β0µ0eβ0ΩSẑ Ψ̂(t+ iβ0, ϕ+ iβ0Ω),

where eβ0ΩSẑ = cosh β0Ω
2 − 2S ẑ sinh β0Ω

2 , the following expression can be
obtained:10

SFβ (t, ϕ; t′, ϕ′) =

∞∑
j=−∞

(−1)je−jβ0µ0

(
cosh

jβ0Ω

2
− 2S ẑ sinh

jβ0Ω

2

)
× SF (t+ ijβ0, ϕ+ ijβ0Ω; t′, ϕ′).

j = 0 is the (regularised) vacuum contribution.11

10N. D. Birrell, P. C. W. Davies, Quantum fields in curved space (CUP, 1982).
11V. E. Ambrus,, E. Winstanley, Phys. Lett. B 749 (2015) 597–602.
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The vacuum Hadamard two-point function

For the maximally symmetric vacuum state, SF can be written as:

iSFvac(x, x′) = [A(s) + B(s)/n]Λ(x, x′).

The geodesic interval s can be given through:

cosωs =
cosω∆t

cosωr cosωr′
− cos γ tanωr tanωr′,

where cos γ = cos θ cos θ′ + sin θ sin θ′ cos ∆ϕ.

nµ = ∇µs(x, x′) is the normalised tangent to the geodesic at x.

A and B depend only on s and satisfy:

i
d

ds

(
A
B

)
+

3iω

2

(
−A tan(ωs/2)
B cot(ωs/2)

)
−M

(
B
A

)
=

(
0

i(−g)−1/2δ(x, x′)

)
The equations can be solved exactly. When M = 0, we have:

AcM=0 =
ω3

16π2

(
cos

ωs

2

)−3

, BcM=0 =
iω3

16π2

(
sin

ωs

2

)−3

.
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The bi-spinor of parallel transport satisfies:

DµΛ(x, x′) = −iωSµνnνΛ(x, x′) tan
(ωs

2

)
.

Employing the Cartesian gauge for the tetrad:12

et̂ = cosωr ∂t, eı̂ = cosωr

[
ωr

sinωr

(
δij −

xixj

r2

)
+
xixj

r2

]
∂j ,

ωt̂ =
dt

cosωr
, ωı̂ =

1

cosωr

[
sinωr

ωr

(
δij −

xixj

r2

)
+
xixj

r2

]
dxj .

allows Λ(x, x′) to be expressed as:13

Λ(x, x′) =
sec(ωs/2)√

cosωr cosωr′

[

cos
ω∆t

2

(
cos

ωr

2
cos

ωr′

2
+ sin

ωr

2
sin

ωr′

2

x · γ
r

x′ · γ
r′

)
+ sin

ω∆t

2

(
sin

ωr

2
cos

ωr′

2

x · γ
r

γ t̂ + sin
ωr′

2
cos

ωr

2

x′ · γ
r′

γ t̂
)]

.

12I. I. Cotăescu, Rom. J. Phys. 52 (2007) 895.
13V. E. Ambrus,, E. Winstanley, Class. Quant. Grav. 34 (2017) 145010.
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Fermion condensate (Ω = 0)

k = 0

k = 4

k = 6

k = 8
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When Ω = 0, the FC can be computed using

〈: Ψ̂Ψ :〉β0
= −

2ω3Γ(2 + k)(cosωr)4+2k

π3/241+kΓ( 1
2 + k)

∞∑
j=1

(−1)
j cosh(ωjβ0/2)

sinh(ωjβ0/2)4+2k

× 2F1

(
1 + k; 2 + k; 1 + 2k;−

cos2 ωr

sinh2 ωjβ0
2

)
.

At vanishing mass, M = ωk = 0, we have:

〈: Ψ̂Ψ :〉β0
= −

ω3

2π2
(cosωr)

4
∞∑
j=1

(−1)
j cosh(ωjβ0/2)

[sinh(ωjβ0/2)2 + cos2 ωr]2
.

Ψ̂Ψ̂ = T̂µµ/M vanishes in RKT when M → 0.
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Stress-energy tensor (Ω = 0)

k = 0
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When Ω = 0, 〈: Tα̂σ̂ :〉β0
= diag(E,P, P, P ), with

(
E + P
P

)
= −

ω4Γ(2 + k)(cosωr)4+2k

π3/241+kΓ( 1
2 + k)

∞∑
j=1

(−1)
j cosh

ωjβ0
2

sinh(ωjβ0/2)4+2k

×

2(2 + k)2F1

(
k; 3 + k; 1 + 2k;− cos2 ωr/ sinh2 ωjβ0

2

)
2F1

(
k; 2 + k; 1 + 2k;− cos2 ωr/ sinh2 ωjβ0

2

)  .

At vanishing mass, w = P/E takes a finite value on the boundary:

lim
ωr→π

2

w =
1

3 + 2k
, (1)

while wRKT = PRKT/ERKT = 0 for all k > 0 (wRKT = 1/3 when k = 0).
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Fermion condensate (Ω > 0)
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The QFT expression at M = 0 can be obtained as:

〈: Ψ̂Ψ̂ :〉β0
=−

ω3

2π2
cos

4
ωr
∞∑
j=1

(−1)j cosh(jβ0µ0) cosh
ωjβ0

2 cosh
Ωjβ0

2

(cos2 ωr + sinh2 ωjβ0
2 − sin2 ωr sin2 θ sinh2 Ωjβ0

2 )2
.

When θ = π/2 and Ω = ω, 〈: Ψ̂Ψ̂ :〉β0
is independent of r:

〈: Ψ̂Ψ̂ :〉β0
= −

ω3

2π2

∞∑
j=1

(−1)
j cosh(jβ0µ0)

cosh2(ωjβ0/2)
.
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Stress-energy tensor (Ω > 0)
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〈: Tt̂t̂ :〉β0
= −

ω4

4π2
cos

4
ωr
∞∑
j=1

(−1)j cosh(jβ0µ0) cosh
ωjβ0

2 cosh
Ωjβ0

2

[sinh2(ωjβ0/2)− sin2 ωr sin2 θ sinh2(Ωjβ0/2)]2

×
[

4 sinh2(ωjβ0/2)

sinh2(ωjβ0/2)− sin2 ωr sin2 θ sinh2(Ωjβ0/2)
− 1

]
.

When ω = Ω, the r dependence is through Γ = (1− sin2 ωr sin2 θ)−1/2:

〈: Tt̂t̂ :〉β0
=−

ω4

4π2
cos

4
ωrΓ

4
(4Γ

2 − 1)
∞∑
j=1

(−1)j cosh(jβ0µ0) cosh2 ωjβ0
2

sinh4 ωjβ0
2

'TRKT
t̂t̂ +

ω2

36
(Γ cosωr)

4
(4Γ

2 − 1)

(
1

β2
0

+
3µ2

0

π2

)
+O(ω

4
).
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Stress-energy tensor (Ω > ω)
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When Ω > ω, the rotating vacuum is no longer maximum symmetric.

The bi-spinor of p.t. approach is no longer applicable.

Instead, one has to rely on mode sums:

Ψ̂ =
∑
j

(Ujbj + Vjd
†
j), ρ̂b̂

†
j ρ̂
−1

= e
−β0(Ẽj−µ0)

b
†
j , 〈b†jbj′ 〉β0

=
δ(j, j′)

eβ0(Ẽj−µ0) + 1
,

where Ẽj = Ej − Ωmj .

Since Ω > ω, the SOL appears and the SET diverges.
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Conclusion

Using an analytic expression for SF (x, x′) written in terms of Λ(x, x′), the
t.e.v.s of the quantum Dirac field were investigated.

For Ω = 0:

The quantum SET describes a perfect fluid.
The FC and E decrease like cos4 ωr.
w = P/E = (3 + 2k)−1 on the boundary, while wRKT → 0 when
k = Mω > 0.
When k = M/ω = 0, the FC is finite while Tµµ/M = 0 in RKT.

For Ω = ω:

RKT predicts that Q, E and P are constant in the equatorial plane.
The conclusion is supported by preliminary QFT results.

This work is supported by a Grant from the Romanian National
Authority for Scientific Research and Innovation, CNCS-UEFISCDI,
project number PN-III-P1-1.1-PD-2016-1423.
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