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Relativistic hydro playground: Heavy-ion collisions
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» Shortly after the
collision, the system is
far-from-equilibrium.

» Pre-eq. dynamics
require a non-eq.
description.

» Strongly-interacting ' W Hard Bcuiuing ¥ Vhscwali o
QGP leaves imprints of |
thermalization and
collectivity in final-state
observa bles. [Venaruzzo, PhD Thesis, 2011]




Hydro vs Kinetic theory
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[Ambrus, Bazzanini, Gabbana, Simeoni, Succi,
Nature Comput. Sci. 2 (2022) 641]

» Hydro employed in HIC modelling, but it breaks down far from eq.

» Kinetic theory overcomes this limitation, but realistic simulations are

1 AMPT: He, Edmonds, Lin, Liu, Molnar, Wang [PLB 753 (2016) 506]
expenSIVe due to C[f] ) BAMPS: Greif, Greiner, Schenke, Schlichting, Xu [PRD 96 (2017) 091504]
> RTA: C[f] =

—E—;(fk — fox) = 1 — 2 o.m. faster than BAMPS.

VEA, Busuioc, Fotakis, Gallmeister, Greiner [PRD 104 (2021) 094022]

» 7 fixes the IR limit of RTA by matching e.g. 1 to that of C[f]| =
good agreement with BAMPS.


https://doi.org/10.1038/s43588-022-00333-x

Anderson-Witting model

> The AndeI’SOI’] & W|tt|ng RTA I’eadS [Anderson, Witting, Physica 74 (1974) 466]
Ex
Koy fi = Cawlf], Cawlf] = _E(fk_fOk)a (1)

where Fy = kHu,,, and 7R is the relaxation time.
» The macroscopic quantities NV# and T*” are obtained from fy via

N”:/dl{k“fk, T“”:/de“k”fk, (2)

where dK = gd°k/[ko(2m)?] and g is the degeneracy factor.
» fox describes a fictitious local thermodynamic equilibrium, for which
N =nout, T = eoutu” — PyAHY, (3)

with A*Y = gM" — uluV.

» Imposing 0, N* = 0,T"” = 0 requires Landau matching:
n=ng, €=¢, 1", u”=ecu". (4)

» The AW model retains from C'|f] the property of driving fx towards
fok, on a timescale 5.


httsp://doi.org/10.1016/0031-8914(74)90355-3

Chapman-Enskog expansion

» \We are now interested to obtain constitutive relations for the
non-equilibrium quantities

Nt — NI =VH  TH T = _TIAM 4 qhv, (5)

» Employing the Chapman-Enskog procedure gives

0fk = fx — fox = —;—ik“aufbk: — fo fox [ER B — Exd

+5(m? = B0+ k) (8Eici, + BV,8 = V,0) + 86k 0]

with fbk =1—-afok, a=pBu, 8 =9,u* and ot = \VACZYIZN
» Taking appropriate moments gives

I = _CR97 VH = KJRV'UJOQ T = 277R0_,u1/7 (6)
where (r, kr and ngr are given by

9
m
Cr = 3 Roééo)7 KR = TROlg)l)a NR = TROé(()Q)- (7)

where oz((f) are Tp-independent thermodynamic functions.



QGP Transport coefficients

» Bayesian estimation shows that /s and (/s can be parametrized as

J. E. Bernhard, J. S. Moreland, S. A. Bass, Nature Phys. 15 (2019) 1113

n T (n/8)erv
; — (n/s)min + (n/s)slope(T — Tc) (T) ) (8)
¢ T T 2]
S (C/ ) ((C/S)Width ( )
> RTA allows, e.g. nto be °° AW, 0.5 G&V — - .
specified by setting AW, m=1 GeV - - .
0.6 | AW, m—2 GeV ]
TR = I ; QEP ——
o2
0 = 04
Az
however, (/n is fixed
uniquely by 02 | -~ _
¢ m2oz(()0) ——————
R OR 0 ‘ ‘ ‘
U 3o, 0.1 0.15 0.2 0.25 0.3

. . T |GeV]
which does not resemble the ({/n) in the QGP.



RTA vs BAMPS
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» Also for UR hard spheres, (kT /n)us ~ 0.125, whereas

(KT/?])AW = 5/48 ~ (.104. DNMR, PRD 85 (2012) 114047
» Fixing n via 7r gives good agreement with BAMPS for 7#* but ¢*
is not captured correctly.

» Aim of this work: Extend RTA with extra parameters allowing
multiple transport coefficients to be controlled independently.



https://doi.org/10.1103/PhysRevC.98.035201

S h a k h OV_ | i ke eXte n SiO n [Ambrus, Molnar, under review]

» \We consider a Shakhov-like extension: [Shakhov, Fluid Dyn. 3 (1968) 112]
Ex

Cslf] = ——(fx — fsx), (10)
TR

where fsx — fok as 0 fx = fx — fox — 0.

» |n the Shakhov model, fx relaxes towards fpix on a modified path
compared to AW.

» The cons. eqs. 9, N¥ = 9,TH" = 0 imply:
u, N* =, N§, u,TH =u,TE", (11)
which allows for plenty of degrees of freedom (dn, de, W#, etc).

» For simplicity, we stick to the Landau matching conditions:

on = de = 0, TH u, = eu”. (12)



Shakohv-like extension
» Employing the Chapman-Enskog procedure gives

TR
0k — 0fsk = —E—k"(?uf()k, (13)
k
leading to
II—1IIg =—(rA, VF -V =krrV'a, 7 —ni" =2ngot".
(14)
» We seek to replace (g etc by independent transport coefficients:
I ~ —(0, VI~ ksVFa, Y ~ Angoh”,
TII TV Tr
(s = —(r, Ks = — KR, ns = —NR- (15)
TR TR TR

» Eq. (15) can be obtained from Eq. (14) when

HS:H<1—T—H>, VS“:V“<1—T—V),
TR TR

g = mh (1 — T—W) . (16)



Minimal 0 fqx

» Writing fsk = fok + 0 sk, we require:

Bulk visc. p. PS:0 —Sﬂs/m2
Particle cons. — /dK Ek 5fSk = | pPs;1 | = 0 ,
Energy cons. PS:2 0
Diff. current 1 () _ pg;o . VS'LL
Mom. cons. = /dK (Ek> k 6fSk o (pg;l - 0 ’

SS tens. = /de<’uky>5f pS 0 — Wgy, (17)

with k#) = AHE® and E{HEY) = ALSE*kP irreducible tensors.

» The solution can be written as 0 fsx = fOkakSk, where

311
Sk = (1 - —) Hig + ko VH (1 - T—R> Hio

m2 TII

> 7—[1(3 are polynomials in Fy satisfying (17). [DNMR, PRD 85 (2012) 114047]


https://doi.org/10.1103/PhysRevD.85.114047

Entropy production

> The entropy current |S given by [classical stat. used for simplicity]

SH = —/dK kH (fk In fk — fk) . (19)

» In the Shakhov model, k#9,, f = Cs|f] and

1
aUJS’u — —/dK CS [f] In fk == a /dK Ek(5fk — 5fSk) In fk-
(20)
» 0,5* difficult for generic fy.
» When ¢y = 6§ fi/ fox is small, detailed manipulations lead to
0, 5" ~ éH2 — —V VHE 4 ﬁﬂwﬂr‘“’ > 0. (21)
Cs K 2ns

» Close to eq., the S-model satisfies the 279 law of thermodynamics.

» Proof far from eq. unavailable even for non-rel. Shakhov!



Application: Bjorken flow

» Bjorken model: flow invariant under longitudinal boosts:

t
w0, = =0 + faz, =12 =22 ng=tanh ' (z/t). (22)
T T
» In Bjorken coordinates (7,%x,,7s),

THY = diag(e, Pr, PT,T—QPL),

PT:P—i—H—%, Pp=P+1+ 7, (23)
» In 22 order hydro, we have: [Denicol, Florkowski, Ryblewski, Strickland, PRC 90 (2014) 044905]
Té+ e+ Pp =0, (24a)
711 + (5HH +— ) 11 + )\Hﬂﬂd = _iv
TI1 TII TII TII
TG + (5:: + ;:: - %) T + QSA;;HH — —3472. (24b)

» We employ the Shakhov model to control { independently from 7.


https://doi.org/10.1103/PhysRevC.90.044905

Shakhov model: ¢ vs. n
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» Choosing Tp = 71, the Shakhov distribution becomes
B2k, k, TII
= 1+ =~ 1——1. 25
fsk fOk[ 2e + P) - (25)

» Left panel: 7, is fixed and 77 is varied using the Shakhov model.

v

Right panel: 77 is fixed and 7, is varied using the Shakhov model.

> m=1 GeV; 10 = 0.5 fm; 50_1 = 0.6 GeV; For 7 = 0.5 fm, 47n/s ~ 3.3 at 7 = 79.



Application: Sound waves

» \We now consider an infinitesimal perturbation propagating in an
ultrarelativistic fluid at rest.

» Writing u* ~ (1,0,0,0v), € = €9 4+ de and n = ng + dn, we have

0iom + ng0,ov + 0,0V =0,

Oide + (eg + Py)0,ov =0,

(€0 + Po)0iov + 0,6 P + 0,67 =0,

Tv OOV + 0V + k0,00 — Uy 0, 0m =0,

4 2
20,07 + 61 + g@z&) + Sl 0.0V =0, (26)

where 6V = V?* and dm = sz/ny.

> |I1 RTA €V7T — €7TV — [Ambrus, Molnar, Rischke, PRD 106 (2022) 076005]

» We track the time evolution of the amplitudes

9 (L 9 L
oV = —/ dz oV cos(kz), om= —/ dz o sin(kz). (27)
L Jy L Jg

» We employ the Shakhov model to control k independently from 7.


https://doi.org/10.1103/PhysRevD.106.076005

Shakhov model: x vs. 7
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» Setting T = 7, the Shakhov distribution becomes

Jsk = Jox |1+ k“]‘j/ﬂ(ﬂEk—@ (1—71)] : (28)




Beyond first order: second-order transport coefficients?
» Relativistic hydrodynamics must obey causality = first-order

>

theories are excluded.

One example is the Israel-Stewart-type hydro, by which e.g. ©#¥
evolves according to 7,7 \#¥) 4+ wH = 2nat¥ + JTH + R*  with

JH = 27'7T7T§\“w’/>)‘

— O H? O — T7T7T7T>\<’MO'K> + Agllo™”

— Ty V) 4+ 0y VIV 4 Ay VIV

R = pgllmh” + g077r>‘<”7ri> + g VIHyY),

In RTA, R*" = 0.

2nd_order t.c. are
important e.g. in preeq!
In conformal RTA,

Onr + Trn /3 = 38/21.
Solving hydro with

Onr + Trn/3 =31/15
gives much better
agreement with RTA!

[J.-P. Blaizot, L. Yan, PRC 104 (2021) 055201]
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Second-order hydro from KT

» In the method of moments, second-order hydro can be derived using:

m Irreducible moments of 4 fi.: piit Mt = deEf;le kPO S fie
= Irreducible moments of C[f]: CH''"" = [dK Ey k'™ ---k“”C[f].

m Define collision matrix via Cﬁ”l He — Z A%gpﬁl

m Define inverse matrix ’7' via Z e)A%}n = 0rm

» For example, the first-order transport coeffs. are

ZT(O) (0)’ K, = ZT(l) 7(11)) T 27(2) (2)
» The relaxation times can be obtained via
T = ZTSSL)CS)), Ty = ZTS?C’S), Tn = ZT&?C??). (30)

» ...all other 2nd-order t.c. are computed using Tén) and CY.

» Idea: Use Shakhov model to “manipulate” A



From RTA to Shakhov

» In RTA, C|f] = —%5fk and [Ambrus, Molnér, Rischke, PRD 106 (2022) 076005]
p1eee e 1 P e () Orn (£)
Crene — _ L gy A0 0 s (31
TR TR

> In the Shakhov model, Cs = — 2[5 fic — 6 fsi] and

CRly ™ = ——lp " = psl ], (32)
TR

where p&! """ are essentially arbitrary.

r

» Imposing C.0 7" = —=>" A Hiie suggests taking
IO/SJJ;lrmW = 2[5"% - TRA&Q]P#WWa (33)

where A,(Q is the desired collision matrix and ph'"#¢ is extracted
from fy.

» Problem: For a generic C|f], A&Q is infinite!


https://doi.org/10.1103/PhysRevD.106.076005

ConStru Cti ng Sk [VEA, D. Wagner, in prep.]
> Our approach is to fix a subset of pg!,""** with:
0<(<L=2  —s,<r<N, (34)

where sy = “shift” and N, > {2,1,0}.
» This can be achieved using the Method of Moments for
0fsk = fsk — fOk == fOkakSk, by setting:

1 S /(£
Sk_y Y pu MEL Ky - kll»£>Hl(<,)n—|—3g7 (35)

=0 n=—sy

with ﬁl(i)b to be determined.
» Inverting the logic, p“l ¢ are obtained from ¢ fgi through

Py u o (ﬁ)
pslfr ¢ = Z IO o —(’)“—I—Sg) n—+sy ’

n=——Sy
- / e _
P = (2¢ + DI / dK forfou By > " (A kokig) Hyy. (36)

» Imposing F( ) = Opn for —sy; < r,n < Ny ensures compatibility
with Eq. (20) and fully determines 74",



Shakhov collision matrix

> Eq. (36) = p&’ " # 0 even when r < —sp and r > Ny.

T

> = A(ﬁ) contains non-trivial entries when r < —sy and r > Ny:

S;rn
%57’71 "4(<£,)?“n O
A9= |0 a4l o0 |, (37)
0 Al b
where A(<£>>,m correspond to r < —sy and r > Ny, respectively.

» These entries supplement the 71515,,% structure of AW with

Ny
(©) 1 = ~(0) (€)
A =~ Flrsmin ¥ 20 Foirian jracAsin: (38)

</>rn TR
J——S5¢



Inverse collision matrix
(©)

» The inverse matrix 7,, reads
TROrn Tg)m 0
0= 0o £ 0 | (39)
0 T@m TROrn
with TS( B,n [A(S?an]_l a finite (N, + sp + 1)? matrix and
(£) 7~(£) 7~(£) (£
T<,>rn = 7R S —(7+s¢),m+3s¢ T Z ya —(r4s0),54s Sin (40)

J=—5¢

» For example, the shear viscosities 0, = > 2ol are

No
_ § : (2) (2
T—s,<r<N, = TS;rna’SL)7

NnN=——Ss9

No
eeys =TRaSD + Y FA (e —TRAD).  (41)

NnN=——S89



Tunable coefficients in the Shakhov model

» The t.c. depend on

T(EOT)L#l o :No + so — 1 entries; Cq(qgil 5 = g—n : No + sg — 2 extra lines,
) ) 9 0
Télf,z;,gl :IN1 + s1 entries; 67(121 = fin : N1 + s1 — 1 extra lines,
Y li'/o
Té? :Ng + s + 1 entries; Cq(f) = Ny + so extra lines,
o
(42)
so in total:

2(Nog + so + N1 + s1 + N + s) — 3transport coefficients, (43)

plus a hidden degree of freedom given by 73.

» For an ultrarelativistic gas, the scalar sector is not important, leaving
in total
2(N7 + s1 + Na + s2) transport coefficients, (44)

plus 7R.



Example: shear-diffusion coupling

» Consider a longitudinal wave propagating along z.
» The linearized hydro equations for 7 = 7% and 0V = V* read

Tv OOV + 0V = —k0,0a + KVW(? om = 0,
TO00m + 0 = ——3 ov — —&Tvﬁ oV =0, (45)

where the cross couplings read (for an UR classical gas):

(1) { BIr+2,1 (2) _ 25 @60
trr =31t (€+P ¢ ) by = 23 AP, (4
r#1

T

» In RTA, fvﬁ — TR (5']21 C( )> and ¢ VvV = TRC( ) both vanish:

(2)

51 (2) _ 6 _
(1) _ (1) _ (1)
k1 =ap =0, Cl =0 - Cv = 0. (47)

(1)
R

» We aim to control independently 4 t.c.: k, n, £y and £,y .



Example: shear-diffusion coupling
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» We use (N1, Na, s1,s2) = (1,0,0,1) with Ag) =1/7r and

42 _ 1 H—Lyy S(HLyr+ Lyy)
S 7 H(H + LyxLay) \ —5Lxv H+ Ly ’
(48)
allowing ¢y, and /.y to be controlled independently via
4 5 5
L b H="L_ (49

L 7r:—€ ud VvV —5_ tnwV,
Ry Y e AT, P

P AN=1fm; To=1GeV, po =0 = ng = 212.04 fm 3 = ¢ = 1.2676/8n ~ 3.7 mb.



Ultrarelativistic hard spheres (URHS)

» The t.c. of the URHS model are: [D. Wagner, A. Palermo, VEA, PRD 106 (2022) 016013]
[D. Wagner, VEA, E. Molnar, arXiv: 2309.09335]
KO Tv [ Amep] | OvviTv] | Lvxltv] = TvelTv] | AvviTv] AV TV ]
0.15892 2.0838 1 0.028371p5 0.89862 0.0692735
770'/8 T [Amfp] 57r7r [TTF] ewV [TTI'] TrV [7-71'] Trm [7-71'] >\71'V [7-71']
1.2676 1.6557 4/3 —0.56960/6 —2.2784/6 1.6945 0.20503/5

» The t.c. of RTA with ng = ngg are

KO Tv [ Amep] | dvviTv] | bvxltv] = Tvx[Tv] | AvviTv] | Ava[Tv]
0.13204 | 1.5845 1 0 375 5716
770-5 Tr [Amfp] 57r7r [7_77] '€7TV [TTI'] TnV [7_7'('] T [TTF] >\7TV [Tﬂ']

1.2676 1.5845 4/3 0 0 10/7 0

» RTA-HS mismatch for almost all coefficients, except 0y = 7 and
Onr = 475 /3, which are fixed for an UR gas.

» To align all transport coefficients, we need 11 parameters!



Various (N7, N, s1, s2) models

vvyyvyy \ 4

v

A Shakhov model with parameters (N7, N, 1, S2) provides
2(N1 + N2 + 51 + 82).

To test the effect of various t.c., we employed several models:
AW: TR is used to fix ngr = Nus.

(1001): discussed previously, fixes (k,n, ly ., {ry)

(1012): has 2 x 4 = 8 free entries and fixes everything except Ay v
and >\V7r-

(2101): has 2 x 4 = 8 free entries and fixes everything except Ay y
and )\Vﬁ.



Sod shock tube: Comparison to BAMPS e et pre 52 ao1o) s
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» In the frame of the Sod shock tube, we considered a comparison to
BAMPS for hard-sphere interactions.

» Using T to tune 7, shear comes out well with AW and Shakhov.
» For diffusion: 1001 = first-order Shakhov underestimates peak.
» Higher-order (2101) Shakhov required to tune 2°¢ order t. coeffs.


http://dx.doi.org/10.1103/PhysRevC.82.024910

Sod shock tube: Comparison to BAMPS  preuxxe, ero 69 o) oraaos

1.04 : :

0.05
P ] BAMPS —e— BAMPS —o—
1001 —a— 1001 —a—
1.02 004 - 1012 —v— 1012 —v—
2101 2101
AW AW
1 0.03 - (o =2mb) (o =8 mb)
0.98 0-02 ~
4 4
_H
g A,
~< 0.01 g tetan,
0.96 o b i "m“?i\ .
O L
094 (5 =2 mb) (o = 8 mb)
BAMPS —e— BAMPS —o— e ,
—0.01 O ST s i Do
oop | 1001 —a— 1001 —a— TG I e s s Fomy, ¢
D2E 1012 v 1012 —— 7 C
2101 2101
—0.02 | i
AW AW (b) (c)
09 | | | | | | | | | | | | | |
6 -4 -2 0 2 4 6 6 -4 -2 0 2 4 6
x [fm] x [fm)]

» In the heat-flow problem (const. initial A\, pressure jump), again
higher-order 2101 Shahkov required.


http://dx.doi.org/10.1103/PhysRevD.89.074005

Conclusions

» Shakhov model generalized for the relativistic Anderson-Witting
RTA, allowing (, k and 1 to be controlled independently.

» Numerical simulations of the Bjorken flow and of sound waves
damping confirmed that the model is robust.

» Extending the Shakhov model allows 2"%-order t. coeffs. to be
controlled = agreement with BAMPS in Sod shock tube.

» This work was supported through a grant of the Ministry of
Research, Innovation and Digitization, CNCS - UEFISCDI, project
number PN-I1I-P1-1.1-TE-2021-1707, within PNCDI I1I.
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First-order model
» Specifically, Hl(fo) must satisfy:

1
/ dK fox Ek Hf{%) 0
0

1 1 o 1 1
§/dKf0k (Ek) (AP ko kg 7—[1({0) (o

2
15

» The lowest-order polynomials satisfying these relations are

G33 — GogFx + G Ef
JooGss — J10Gas + J20Ga2’
J31Ex — Ju

2D 2@ _ 1
= = 51
KO Torda — J37 KO 2y, (51)

dK fo (AP koks)?HZ) =1, (50)

0) _
Hio =

where Gnm = n()Jm() — Jn—l,OJm—i—l,Oy while

(_1)q / n—2 q
= K E' =1 (A“Pk,, . 2
J q (2q_|_ 1)” d k ( k kﬁ) fox (5 )



Sound waves: linear modes
> Inserting A(t,z) = Ao+ [C__dk)", e~ Hwt=k2)§ A (k) gives

—3% 4P, 0 0 0 P, (k)
( 1 —p 1 0 0 \ /5%(]@)\
0 e L . Urv gmgkg =0
0 0 0 —% 1 ney k
“E 0 e 2 —ioen ) \ov(k)/
» Thanks to ¢y, = ¢,y = 0, the shear and diffusion sectors decouple:
1% 47k
(k2 — 30%)(1 — iwrn) — =0, w(l —iwry) + — K =0.
Py no

» The shear and diffusion modes are:

wC:Lt — i‘k’CS;a — 1€q, Wy = _iffrﬁ W? — _iféca
1 En 1 En
Cs;ag—a gag—a 6772 o )
\/g 6PO Tr 3PO
 4k2%k 1 4k? K
5/4; = ’ 5: = o . (53)

no TV no



Solution

» At initial time, n(0, z) = ng + dng cos(kz) and v(0, z) = dvg sin(kz).

» The approximate solution is [Ambrus, PRC 97 (2018) 024914.]

4krdng e~ it — e—Ent

SV ~

Tvno & — &
— 4 . -
O —3775@0 {e_gat [COS(cht) - lf sin(kcst)] — e t/”} .
Cs

(54)


https://doi.org/10.1103/PhysRevC.97.024914

Arbitrary Shakhov matrix

» The model can be extended to control 2"d-order transport coeffs..
» Systematic extensions can be obtained by writing in general

oo . ~ (s
Sk = Y Y p By F ...k,u£>Hl({,3l—|—8g7 (55)

{=0 n=—sy

where Ny = expansion order and s, = basis-shift allowing to access
negative-order moments.
» The Shakhov irreducible moments are taken as
Ny

o = 3 (S — AL, ) e (56)

n=-—sy

with arbitrary entries AS o defined for —s, < r,n < Njy.

» The irreducible moments C ;T:ﬁ% of the collision term can be
written as
¢
%57’71 A(<,)7“n 0
CLN = =D AR, A= 0 Ag, 0
n o AY - Ls.

(57)
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