3.2 Integrarea functiilor rationale

Cea mai simpla functie rationala este un polinom de gradul # :
n n—1
0, (x) =ax"+ax" +..+a, ,x+a,
unde a, #0 si ay,a,,...,a,eR.

Un numir b este ridacini pentru polinom < Q,(b)=0.

Observatie: Orice polinom real O, (x) poate fi descompus in factori in mod unic.

Factorii sunt polinoame liniare x — b si polinoame pitratice x* + px + ¢, in care p, g sunt

coeficienti reali si fiecare polinom pétratic este ireductibil la polinoame liniare, deoarece
nu are radacini reale.

0,(x)=ay(x=a) (x=b) -(x=1)' (" + pr+q )" (> + px+q, )

unde exponentii &, f3,...,4, 1,,..., (4, sunt numere naturale si are loc:

N

a+ B+ .+ A+20u + .+ )=n

Daca a =1, radacina a se numeste simpla.
Daca a > 2, radacina a se numeste multipla.

In general, o functie rationald reala f (x), este raportul a doua polinoame reale
care nu au nici un factor comun.

O functie rationala se numeste proprie daca numardtorul P, (x) are gradul mai

mic decat numitorul Q,(x), adicd m <n.

Dacd m > n, In urma unei impartiri, fractia f (x) poate fi reprezentata astfel:



Functiile rationale simple sunt functiile rationale proprii de forma:

A A Mx+ N si Mx+ N

x—a’ (x—a)k’ x2+px+q (x2+px+q)k

unde 4,M,N,a,p,geR , k=2 numar natural. Polinomul patratic xt+ px+g nu are

radicini reale, p° —4¢ <0.

P, (x)

0,(x)

0,(x)=a,(x—a) (x=bY - (x =1y (* + px+q, )" (x> + px+a, ) .

Teorema: Fie functia rationala reala proprie f (x) = si fie

Atunci, f (x) se descompune in mod unic intr-o suma de functii rationale simple:

m(x)_ Al + A2 + + Aa +
0,(x) x-a (x-af = (x—a)
Bl Bz Bﬁ
+ - S -
x=b (x-b) (x~5)"
Mx+N, Myx+N, = M, x+N,
x>+ px+q, (x2 +px+q, )2 (x2 +px+q, )y

unde 4,,4,,....4,,B,B,,....,B;,,M,N,,M,,N,,...M, ,N, €R sinu sunt toate nule.

a1 o Pps

Pentru a determina coeficientii de la numardtorii fractiilor rationale simple,
inmultim relatia precedentd cu Q,(x) si aplicim metoda identificarii coeficientilor

puterilor egale a lui x in relatia astfel obtinutd. Astfel, se obtine un sistem liniar in
necunoscutele 4,4,,...,4,,B.B,,....B M,,N,,M,,N,,...M,, N, .

oy o Pps



Exemple:
1. Descompuneti fractia rationala
3x* —6x+2
1) =S5

x’ =3x" +2x
in fractii rationale simple.

X =3x? +2x:x(x2—3x+2):x(x—1)(x—2)

3x*-6x+2 A B C
3 2 =+ +
x =3x"4+2x x x-1 x-2

3x? —6x+2:A(x—l)(x—2)+Bx(x—2)+Cx(x—1)
3x? —6x+2=A(x2 —3)6+2)+B(x2 —2x)+C(x2—x)

x’: 3=A+B+C
x': —6=-34-2B-C
X 2=24

= A=B=C=1

2
fr)e3Eexe2 1,1 1

X342y ox x—1 x-=2

2. Descompuneti fractia rationala

(x)— X +3x+1
X 4+3x 4307 47

in fractii rationale simple.

X 4+3x" +3x° + 57 :)cz(x3+3x2+3x+l):x2 (x-i—l)3

X +3x" +3x° + 47

x+3x+1 4 4, B B, B,
—+—+ + +
X

Tx o xtl (241 (xt1)

¥ 43x+1= Alx(x+l)3 + 4, (x+l)3 +le2 (x+1)2 +B2x2 (x+l)+B3x2



x3+3x+1:A1(x4+3x3+3x2+x)+A2 (x3+3x2 +3x+1)—i—B1 (x4+2x3+x2)+32(x3+x2)+33x2

N

x': 0=4+5

x*: 1=34+4,+2B +B,
x*: 0=34,+34,+B +B,+B;
x': 3=4+34,

X’ 1=4,

3. Descompuneti fractia rationala

3 2
X +x"+1
fx:—

(xz -1-1)2

in fractii rationale simple.

X+x’+1 Myx+N,  Mx+N,
(x2 +1)2 X+l (x2 +1)2

¥ 4xt+1 =(M1x+Nl)(x2 +1)+M2x+N2

¥4+’ +1=Mx+Mx+Nx*+N,+M,x+N,

1=N,+N,
= Mlz N, =1 M, =-1 N, =0
(x)— x+1_ X



Integrarea functiilor rationale simple

A

1 jx—adx
t=x—a
dt = dx

3-I Mx+ N dx

x*+px+gq

2 2 2
Ctprrg=| 2L 2] hg-| 2] = x+ 2| +|q-
px+q l: > > q ) > q

2

Notatie: a =,/q _pT

Substitutie: ¢ =x +§

dt = dx
xz+px+q:t2+a2

xzt—£

2



,[ Mx+ N de-M[tszrthMJ- tdt J{ _@jj dt

X'+ px+q > +a’ PR » N s
p=t"+a’
do = 2tdt
M M M Mp)1
:—jd_ﬂ(zv__l’ﬁ i =_ln(t2+az)+(N__P)_a,c,g1
2 (4 2 t"+a 2 2 Ja a
M 2N —-Mp 2x+p
z_ln(x2+Px+Q)+—arctg—+C
? V4q-p° N
Exemplu:
2
J.Z—xdx
X" +4x+6
W dx+6=x +dx+4+2=(x+2)" +2
t=x+2
dt =dx
2-x 2_(t_2) dt 1 2t
dx = dt =4 J— dt
Ix2+4x+6 29 ,[ t2+2 J.t2+2 2J‘t2+2
:4LarctgL_lln(12 +1)+C:2\/§arc[gx_+2_lln(x2 +4X+6)+C
2 22 L2 2
M
4. J‘L]\[kdx, k22
(x2 +px+q)
Substitutie: t:x+§
dt = dx
x2+px+q:t2+a2
x:t_£
no 2
a2 g2

4




e <M@—§j+N y

kdx:

(x2 +px+q) (t2 +a2)k
p=t"+a’
do = 2tdt

zﬁd_fo(N_ij dr__
2J¢k+ 2 IQ2+aﬁk 2@—kﬁ2+aﬁ“l+

Am notat cu /, integrala:

dt 1 (> +a?)-22
i :J.(t2+a2)k =a_zj.%dt:
1 dt 1 ¢ t2dt 1

t 2k-3

I, =

dt 1 t
Il :Im:;arctg;'FC

dt t 1

= azj(t2+a2)k-1 _g (t2+a2)k _a_z k—l_g

1

+ _
2az(k—1)(t2+az)k_1 2a2(k—l) ‘

1 J- t-2tdt

(tz +ad? )k

(N_%jfk
dv 2tdt

(t2+a2)k

5 5 k+1
v:<t +a )
—k+1

relatie de recurenta

(t2 +az)2 2a° (t2 +a2) 2



Exemplu:

S LS
(x2 —4x+5)

X —dx+5=x" —dx+d+1=(x-2)" +1

t=x-2
dt =dx

t+3 1 2t dt 1 1
L PR
j(m)z 2 (m)z+SI

I dt t2+1—t2d: dt 1 2t
’ J.(12+1)2 J.(12+1)2 t'[tz"’l ZJ.I (12+1)2

w1 dv = 2ta’t2
2
(t +1)
1
du =dt v=——
t“+1

1 t dt 1 t
I, = arctgt —— —2—+I D =—arctgt + +C
20 7241 Y1) 2 2(t2+l

~—

t+3 1 1 1 t
Imdt=_512+1+3 Earctgl‘—l—m +C

Se revine la variabila x cu ajutorul substitutiei.

Observatie: Integrala nedefinita a unei functii rationale totdeauna exista pe intervalele in
care numitorul Q, (x) aste nenul, si se exprimd cu ajutorul unui numadr finit de functii

elementare, anume o suma algebrica care are ca termeni numai polinoame, functii
rationale proprii, functii logaritmice si arctangente.



Exemple:

Consideram  functii

3.3 Intergarea functiilor irationale

de mai multe variabile wu,u,,...,u,. Astfel, fie

R(u,u,,...,u, ) o functie reprezentata astfel:

R(ul,uz,...,uk)=

Pm(ul,uz,...,uk)

Qn(ul,uz,...,uk)

unde P, (u;,1,,...,u, ) si O, (u,,u,,...,u,) sunt polinoame de gradul m si respectiv 7 in

u,,u,,...,u, . Acestd functie este una rationald in u,,u,,...,u, . In caz contrar, functia este

irationala.

Exemple:

2 2
) P (”1 a“z) = Ay + Aygu, + Agu, + Aygup + A, + Ay,

este polinom de gradul doi in variabilele u,,u, In care coeficientii sunt numere reale si

A+ AL+ A, #0.



2 3
X +2y +xy
2) f(x,y)= x+x'y* +1

este functie rationald in variabilele x,y deoarece este raport de doud polinoame
P3(x,y)=x2 +2y° +xy si O, (x,y):x+x3y2 +1.

3) f(x,y) —sz_"xyH

- xX+y

este functie irationala.

Presupunem ca variabilele u,,u,,...,u, sunt functii de o variabila x, adica
w=f(x), uy=fo(x), .. u, = f (%)
Atunci functia R[ H(x). £ (%), fk(x)] este o functie rationald in functiile f,(x),

f2(x), cees fk(x)

Exemple:

XA +x+1

Xx+143yx* +x+1

este functie rationald in x si Vx*+x+1, adicd f(x)=R (x, VX x+ 1) .

1) f(x)=

2) f(x)= Inx++x"+1

2+sinx

este irationald in x si v/x* +1 dar este functie rationald in Inx, v/x*+1 si sinx, adica

f(x):R(lnx,m,sinx).

Observatie: Nu toate integralele functiilor irationale admit reprezentdri In multimea
functiilor elementare. De exemplu, integralele



2
X dx ke(0,1)

IJ(l_xz)(l_W) * J.\/(l—xz)(l—kzxz)

numite integrale eliptice nu pot fi exprimate in multimea functiilor elementare.

Prin substitutii potrivite anumite integrale ale functiilor irationale pot fi transformate in
integrarea functiilor rationale. In cele ce urmeaza, ne ocupam de astfel de integrale.

lax+b 5 . D <
1) _[R[x, m y, jdx , unde m=>2 este numdr natural si coeficientii respecta
X+

ad —bc # 0. Substitutia recomandata este

e ax+b
Nex+d
Exemple:
J- 2x-3  dx 2x-3
4 {=4
2x+3 (2x+3)2 2x+3
2x-3
t4=2x+3 (2x+3)=2x-3  2x(1-')=3(1+1")
x=%1+t: dx_%4t3(124)+4)t:’(1+14)d dx:( 12t3)2 p
—! 1-7* 1-*
3
I\/4 iii(zxd;)zzjt 31 14 ’ 112t4 !
[221+;4+3J (=)

5 —
:Ir ! 212t3dt:ljt4dt:lt—+czi(4 2x 3J +C
32(1+t4+1—t4) 3 35 I5{V2x+3



dx _ify
Jv;(vwx ] =N

12 =x Mg =ax Y= =P Y=Y =t fr=Ji2 =4S
dx 12¢"dt t 1
= =12 dt=12|| ¢ - t
'[(‘/;(i/;+\/;) '[t3(t4+t6) J‘1+t2 I[ 1+t2]d

3 12/ 3
=12[%—arctg 1J+C=12[ \/5 —arctglsz+C

2) jR(x,\/axz +bx+c)dx

i) Dacid a >0 substitutia recomandati este t =+/ax’ +bx+c + Jax

In cazul
2
t:\/ax2+bx+c+\/5x = (t—\/;x) —ax’ +bx+c

s —2t\/5x+ax2 =ax’+bx+c

t? —2t\/2x=bx+c

tz—c

x:
2t\/5+b

:2t(2t\/5+b)—(f2—0)2\/5dt dx:2t2 a+2tb+20\/zdt

(2t\/2+b)2 (Zt\/5+b)2

dx

2 2 _ 2 )
Jo i hrre ctax et a_tize _2Na—Nar'+eda _rNa+eda
2t\a +b 2t\Ja +b 20da+b



dt :le(t)dt:F(t)+C

f—c a+cea \28Na+2th+2c\a
IR s >
Wath 2a+b ) (onfa+b)

Exemple:

Iﬁdx:ln(xh/m%c

t=x*+a’ +x t—x=J+a’ (1=x) =5+

202 + 207 2 +a?
= dt = dt

2 2 2 2
2, 2 r-a _t+a

2t 2t

1 1 2+a’ 1
R P P (R e e

2t

Tema: dx:lnx+m +C

1
I

i1) Dacd ax*+bx+c are doud radicimi reale distincte x;, x, atunci substitutia
recomandata este

Ja +bere =(x-x )¢
sau m:(x—xz)t



In cazul

Vax® +bx+c =(x—x)t

a(x—xl)(x—xz):(x—x1 )2 r

a(x—xz) (x—xl)t2
_ x112 —ax,

tz—a

21x, <t2 —a)—(xlt2 —ax2)2t g 2ta(x2 —xl)

(t2 —a)2 (12 —a)2

dx = dt

1" —a t2—a 1"—a

2 2 2
2 |t —ax, _xtt—ax, —t"x, +ax _a(xl—xz)
\ax +bx+c-£2——x1 t= t=—

2 _ —
IR(x,Vax2+bx+c)dx:IR[xlt —axz,a(xl XZ)JZKa(xZ fl)dt:IRl(t)dt

t*—a t*—a (tz—a)



