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Motivations, 2 components spinors

Supersymmetry: formalism

transformations, algebra, representations,

superspace, chiral and vector super fields, invariant actions,

R-symmetry, extended supersymmetry,

spontaneous supersymmetry breaking
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Motivations of SUSY

natural elementary scalars

gauge coupling unification: theory perturbative up to the GUT scale

LSP: natural dark matter candidate

extension of space-time symmetry: new Grassmann dimensions

attractive mechanism of Electroweak Symmetry Breaking

prediction of light Higgs (<∼ 135GeV )

rich spectrum of new particles at the (multi)-TeV scale
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2-component Weyl spinors

spin-1/2 irreps of Lorentz group: 2-dim Left and Right

χ
L,R
→
(

1− i~α · ~σ∓ ~β · ~σ
)

χ
L,R

=> L : χα , R : χα̇ր ր տ
infinitesimal rotation boost Pauli matrices

charge conjugation matrix C = iσ2 =

(

0 1
−1 0

)

C : L→ R Cχ∗ ≡ χ̄c transforms as Right parity: χ→ χ̄c =>

describe R-spinor as charge conjugate of a L-spinor

Dirac-Weyl basis: ψ =

(

χα

η̄cα̇

)

γµ =

(

0 σµ

σ̄µ 0

)

γ5 =

(

−1 0
0 1

)

σµαα̇=(1, ~σ) σ̄µα̇α=(1,−~σ∗) Cσµ=(σ̄µ)T C
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Dirac and Majorana masses

ψL=

(

χα

0

)

ψR =

(

0
η̄cα̇

)

=>

LF = i ψ̄/∂ψ −mψ̄ψ

= iχ∗ σ̄µ∂µχ+ iη∗ σ̄µ∂µη − (mχη + h.c.) χη ≡ χTCη = ǫαβχ
αηβ

charge or fermion number χ : +1 η : −1 =>

• Dirac mass invariant

• Majorana mass: η = χ => ǫαβχ
αχβ violates charge

Majorana fermion: ψ =

(

χα

χ̄c
α̇

)
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Supersymmetry

δφ = ξψ ξ: Weyl spinor => conserved spinorial charge Qα

[Qα, φ] = ψ , [Qα,H] = 0 =>
{

Qα, Q̄α̇

}

= −2σµαα̇Rµ

ր
anticommutator

if Rµ conserved charge besides Tµν (Pµ + angular momentum)

=> trivial theory with no scattering Coleman-Mandula

e.g. 4-point scattering for fixed center of mass s

depends only on the scattering angle θ

if extra charge Rµ => trivial

=> Rµ = Pµ : supersymmetry = “
√
translations

”
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SUSY transformations

δφ =
√
2ξψ

δψ = −i
√
2
(

σµξ̄
)

α
∂µφ−

√
2F ξ

δF = −i
√
2 (∂µψ) σ

µξ̄

F : complex auxiliary field to close the SUSY algebra off-shell

φ,F : complex

chirality to scalars: φ↔ left φ∗ ↔ right

Exercise: δ1δ2 − δ2δ1 = 2i
(

ξ1σ
µξ̄2 − ξ2σµξ̄1

)

∂µ on all fields
ր

{

Qα, Q̄α̇

}

= −2σµαα̇Pµ
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SUSY algebra

SUSY algebra: ‘Graded’ Poincaré:

{

Qα, Q̄α̇

}

= −2σµαα̇Pµ {Q,Q} = {Q̄, Q̄} = [Pµ,Q] = 0

[Qα,M
µν ] = iσµναβQβ Mµν : Lorentz transformations

տ
[σµ, σν ]

generalization for many supercharges => N extended SUSY

{

Q i
α, Q̄

j
α̇

}

= −2σµαα̇Pµδ
ij

{

Q i
α,Q

j
β

}

= ǫαβZ
ij i , j = 1, . . .N

Z ij : antisymmetric central charge [Z ,Q] = 0
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SUSY representations

Qα has spin 1/2 => Q|J〉 = |J ± 1/2〉 J: spin

same mass: [Q,Pµ] = 0 => MJ = MJ±1/2

same number of fermionic and bosonic degrees of freedom

supermultiplets characterized by their higher spin → massless:

chiral:

(

χα

φ

)

Weyl spinor

complex scalar

vector:

(

Vµ

λα

)

spin 1

Majorana spinor

gravity:

(

gµν
ψµ
α

)

spin 2

Majorana spin 3/2

spin 3/2:

(

ψµ
α

Vµ

)

spin 3/2
spin 1

extended supergravites
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Massive supermultiplets

spin-1/2: - chiral with Majorana mass

- 2 chiral with Dirac mass

spin-1: 1 vector + 1 chiral

spin-1 + Dirac spinor + real scalar
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Superspace

(

Pµ,Q, Q̄
)

−→
(

xµ, θα, θ̄α̇

)

θ, θ̄: Grassmann variables

Grassmann algebra: x1, x2, . . . , xn → θ1, θ2, . . . , θn 1-component

anticommuting: [xi , xj ] = 0 {θi , θj} = 0 =>

θ2i = 0 => f (θ) = f0 + f1θ

f (θ1, . . . , θn) = f0 + fiθi + fij θiθj + · · ·+ f1···n θ1θ2 · · · θn

integration: analog of
∫∞

−∞
dx

translation invariance:
∫

dθf (θ) =
∫

dθf (θ + ε) =>

∫

dθ = 0
∫

dθθ = 1
∫

dθf (θ) = f1 integration
∫

dθ ≡ derivation d
dθ

∫

dθ1 · · · dθnf (θ1, · · · , θn) = f1···n
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super-covariant derivatives

SUSY transformation ≡ translation in superspace

SUSY group element: G (x , θ, θ̄) = ei(θQ + θ̄Q̄ + xµPµ)

multiplication using eAeB = eA+B+ 1
2
[A,B] :

G (x , θ, θ̄)G (y , η, η̄) = G (xµ + yµ + iθσµη̄ − iησµθ̄, θ + η, θ̄ + η̄) =>
ր

1
2θ{Q, Q̄}η̄

Qα = i

[

∂

∂θα
− i
(

σµθ̄
)

α
∂µ

]

Pµ = i∂µ

{

Qα, Q̄α̇

}

= −2iσµαα̇∂µ

Q̄α̇ = −i
[

∂

∂θ̄α̇
− i (θσµ)α̇ ∂µ

]

{Qα,Qβ} = 0
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super-covariant derivatives

commute with SUSY transformations:

{D,Q} = {D, Q̄} = {D̄,Q} = {D̄, Q̄} = 0 =>

Dα =
∂

∂θα
+ i
(

σµθ̄
)

α
∂µ

{

Dα, D̄α̇

}

= 2iσµαα̇∂µ

D̄α̇ =
∂

∂θ̄α̇
+ i (θσµ)α̇ ∂µ {D,D} = D3 = D̄3 = 0
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Chiral superfield

Φ(x , θ, θ̄) satisfying: D̄α̇Φ = 0 => Φ(y , θ) y = x + iθσθ̄ (D̄α̇y = 0)

=> chiral superspace {yµ, θα}

similar antichiral superfield Φ†(ȳ , θ̄) ȳ = x − iθσθ̄

expansion in components:

Φ(y , θ) = φ(y) +
√
2θψ(y)− θ2F (y)

mass dimension [θ] = −1/2

Exercise: From a translation in superspace derive

the SUSY transformations for the components (φ,ψ,F )
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SUSY action of chiral multiplets

LK =

∫

d2θd2θ̄Φ†Φ = |∂φ|2 + i ψ̄σ̄µ∂µψ + |F |2

free complex scalar + Weyl fermion

F = 0 by equations of motion

LW =

∫

d2θW (Φ) = F
∂W

∂φ
− ψψ ∂

2W

(∂φ)2
ψψ = ψαψβǫ

αβ

superpotential W : arbitrary analytic function

L = LK + LW + LW † => F ∗ = −∂W
∂φ =>

scalar potential V =
∣

∣

∣

∂W
∂φ

∣

∣

∣

2

Yukawa interaction ∂2W

(∂φ)2
ψψ + c.c.

renormalizability => W at most cubic
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W (Φi) =
1
2MijΦiΦj +

1
3λijkΦiΦjΦk =>

Vscalar =
∑

i |Mijφj + λijkφjφk |2

LYukawa = −Mijψiψj − λijkφiψjψk

generalization: L =

∫

d4θK
(

Φ,Φ†
)

+

{
∫

d2θW (Φ) + c.c.

}

Kähler potential K : arbitrary real function

=> LK = gi j̄(∂φ
i )(∂φ̄j̄ ) + · · ·

Kähler metric gi j̄ =
∂

∂φi
∂

∂φ̄j̄
K (φ, φ̄) → Kähler manifold
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Vector superfield

V (x , θ, θ̄) : real

abelian gauge transformation: δV = Λ + Λ† Λ: chiral

super-gauge fixing => Wess-Zumino gauge:

V = θσµθ̄Aµ + i θ̄2θλ− iθ2θ̄λ̄+ 1
2 θ̄

2θ2D
ր տ տ

gauge field gaugino real auxiliary field

δAµ = ξ̄σ̄µλ+ λ̄σ̄µξ δλ = (iσµνFµν +D) ξ

δD = −i ξ̄σ̄µ∂µλ+ i(∂µλ̄)σ̄
µξ

chiral field strength: Wα = −1
4D̄

2DαV D̄Wα = 0

Wα = −iλα + θαD+ i
4 (θσ

µν)α Fµν + θ2
(

σµ∂µλ̄
)

α
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SUSY gauge actions

- Kinetic terms chiral: Lgauge = 1
4

∫

d2θW2 + h.c.

= −1
4F

2
µν +

i
2λσ

µ
↔

∂µλ̄+ 1
2D

2

- Covariant derivatives in matter action

gauge transformation δΦq = q ΛΦq q: charge =>

Φ†
qΦq −→ Φ†

qe
−qVΦq

additional contribution to the scalar potential: 1
2g2D

2 − q |φq|2D =>

D = g2
∑

i qi |φi |
2 Vgauge = g2

2

(

∑

i qi |φi |
2
)2

• Non abelian case: V → Va t
a ← gauge group generators

=> TrW2 qi |φi |2 → φ̄i t
aφi

• generalization: Lgauge = 1
4

∫

d2θf (Φ)W2 + h.c. f : analytic
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R-symmetry

Chiral rotation of superspace coordinates: θ → e iωθ R-charge = 1

θ̄ → e−iωθ̄ R-charge = −1
=> superfield components: ∆QR |bosons−fermions = ±1

e.g. R-charges: Φq = φq +
√
2θ1ψq−1 − θ21Fq−2

Chiral measure d2θ has charge −2
∫

d2θ θ2 = 1 =>

gauge superfield W: R-charge +1 = for gauginos

superpotential W : charge +2 => constraints on charges of Φ’s
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Renormalization properties

- Non renormalization of the superpotential

- Wave function renormalization of matter fields

heuristic proof: promote Yukawa coupling λ to background

chiral superfield of R-charge +2

=> loop corrections analytic in λ → violate R-charge

in wave functions posible because λλ† dependence allowed

- gauge kinetic terms only one loop

promote 1/g2 to a chiral superfield S and use

perturbative invariance under imaginary shift S → S + ic

- Non perturbative corrections break R-symmetry to a discrete group
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multiplet of currents

supersymmetry invariance => conserved supercurrent Sµα

δsL = ∂µ (Kµξ) => Sµ = S
(N)
µ − Kµ

տ
Noether current =

∑

φ

δL
δ∂µφ

δsφ

exercise: Show that Sµα =
√
2(∂ν φ̄)(σ

ν σ̄µψ)α + i
√
2 ∂φW (σµψ̄

c)α

δsSµ ∼ (σν ξ̄)Tµν + . . . => multiplet of currents (Sµ,Tµν , . . . )

δsSµ = i ξ̄α̇
{

Q̄α̇,Sµ
}

=>
∫

d3x δsS0α = i ξ̄α̇
{

Q̄α̇,Qα

}

= −2i(σν ξ̄)αPν =

∫

d3x
[

−2i(σν ξ̄)α
]

T0ν

Similarly: R-current jRµ ↔ trace T
µ
µ
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The Ferrara-Zumino supermultiplet

Real superfield Jαα̇ = (jRµ ,Sµβ ,Tµν)

D̄ α̇Jαα̇ = DαX D̄α̇X = 0

X = 0↔ superconformal invariance: ∂µjRµ = γµSµ = T
µ
µ = 0

8 bosonic + 8 fermionic components

jRµ : 4− 1 = 3 , Tµν : 10− 4− 1 = 5 , Sµ : 16− 4− 4 = 8

X 6= 0: 12 bosonic + 12 fermionic components

bosonic jRµ : 4 , Tµν : 10− 4 = 6 , X : 2

example: Wess-Zumino model

Jαα̇ = 2gi j̄(DαΦ
i )(D̄α̇Φ̄

j̄)− 2
3

[

Dα, D̄α̇

]

K , X = 4W − 1
3D̄

2K
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Extended supersymetry

N supercharges Q i i = 1, . . .N

multiplets with spin≤ 1 => N ≤ 4 ← maximal global SUSY

multiplets with spin≤ 2 => N ≤ 8 ← maximal supergravity

dimension of massless reps = (2)× 2N

dimension of massive reps = (2)× 2N+1

in the presence of central charge Z 6= 0 => short reps ≡ massless

N = 2 massless multiplets ≡ N = 1 massive

vector multiplet = vector + chiral of N = 1

1 vector + 1 Dirac spinor + 1 complex scalar

hypermultiplet = 2 chiral of N = 1

2 complex scalars + 1 Dirac spinor
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N = 4 massless multiplet: vector = vector + hyper of N = 2

1 vector + 4 two-component spinors + 6 real scalars

superfield off-shell formalism only for N = 2 vector multiplets

chiral N = 2 superspace ≡ double of N = 1 superspace: θ, θ̃

gauge chiral multiplet
∣

∣

N=2
A = (vector W + chiral A)N=1

A(y , θ, θ̃) = A(y , θ) + i
√
2θ̃W(y , θ)− 1

4 θ̃
2DDA(y , θ)

LN=2
Maxwell = −

1

8

∫

d2θ d2θ̃A2 + h.c . =

∫

d2θ

(

1

2
W2 − 1

4
ADDA

)

+ h.c .

generalization: analytic prepotential f (A)

−1

8

∫

d2θ d2θ̃ f (A) + h.c . =
1

4

∫

d2θ

[

f ′′(A)W2 − 1

2
f ′(A)DDA

]

+ h.c .
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Supersymmetry breaking

Spontaneous SUSY breaking

SUSY algebra in vacuum (~P = 0,P0 = H): 〈0|{Q, Q̄}|0〉 = 2〈0|H|0〉

exact SUSY ⇔ zero energy ; broken SUSY ⇔ positive energy

Indeed: Vscalar =
∑

chiral

superfields

|F |2 + 1

2

∑

vector

superfields

D2

=> broken SUSY: 〈F 〉 or 〈D〉 6= 0

SUSY can be broken only by a VEV of an auxiliary field

scalar VEVs alone do not break SUSY if 〈F 〉 = 〈D〉 = 0

δψ = −
√
2 〈F 〉 ξ + · · · δλ = 〈D〉 ξ + · · ·
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F-breaking: O’Raifeartaigh model

W = −gφ0φ21 +mφ1φ2 +M2φ0

F ∗
0 =

∂W

∂φ0
= −gφ21 +M2 = 0 ← SUSY condition

F ∗
1 = −2gφ0φ1 +mφ2= 0 F ∗

2 = mφ1 = 0

F0 = F2 = 0: impossible => supersymmetry breaking

Minimization of the scalar potential V :

φ1 = φ2 = 0, φ0 arbitrary

F0 = M2, F1 = F2 = 0 V = M4 m2

2g > M2

|φ1|2 = M2

g
− m2

2g2 , φ2 =
2g
m
φ0φ1 , φ0 arbitrary

F0 =
m2

2g , F2 = mφ1, F1 = 0 V = m2

g
M2 − m4

4g2
m2

2g < M2
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D-breaking: Fayet-Iliopoulos model

ξ
∫

d4θV is SUSY and gauge invariant if V abelian =>

ξD → D = ξ + e
∑

i qi |φi |2 [ξ] = (mass)2

Example: two massive chiral multiplets Φ± with charges ±1 under a U(1)

D = ξ + e
(

|φ+|2 − |φ−|2
)

= 0 ← SUSY condition

W = mφ+φ− => F ∗
+ = mφ−= 0 F ∗

− = mφ+= 0

SUSY conditions incompatible => supersymmetry breaking

Minimization of the scalar potential V :

φ+ = φ
−
= 0 F+ = F

−
= 0, D = ξ V = 1

2ξ
2 ξ < m2

e

φ+ = 0, |φ
−
|2 = eξ−m2

e2
F
−
= 0, D = m2

e
, F+ = mφ

−

V = − m4

2e2 +
ξm2

e
otherwise
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