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1. Introduction

In this paper we approach the problem of the Hamiltonian quantization of the massive
p -forms. In view of this, we construct a first-class system equivalent with the original
second-class theory using the BF method [1]-[4] and then we quantify the resulting first-class
system. The associated first-class system has to satisfy the following requirements: its number
of physical degrees of freedom coincides with that of the original second-class theory and the
algebras of classical observables are isomorphic.

2. BF Method

We start with a bosonic dynamic system with the phase-space locally parameterized by

n canonical pairs z* =(q', p;), endowed with the canonical Hamiltonian H_, and subject to
the second-class constraints

X, D=0,y =12M,. (1)

In order to construct a first-class system equivalent to the starting second-class one (subject to

the second-class constraints (1)) in the framework of the BF approach we enlarge the original

phase-space with the variables (£“) (M > M,) and extend the Poisson bracket to the

=1,2m"’
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newly added variables. The next step is to construct a set of independent, smooth, real

functions defined on the extended phase-space, (G,(z,¢)) , 57— » SUch that
0

G, (20)=1,@. G;z0=0, [G,G,]=0, 2)

where A =2M,+1,M,+M . In the last step we generate a smooth, real function Hg.(z,¢),
defined on the extended phase-space, with the properties
Hee(20)=H (2),  [Hg Ga1=V, Ge. 3)
The previous steps unravel a dynamic system subject to the first-class constraints
G,(z,£) = 0 and whose evolution is governed by the first-class Hamiltonian H;-(z,£). The
first-class system constructed by the BF method is classically equivalent to the original
second-class theory since both display the same number of physical degrees of freedom
N g =3[2n+2M -2(M, +M)] =1 (2n-2M,) =N 4 4)
and the corresponding algebras of classical observables are isomorphic. Consequently, the
two systems become also equivalent at the level of the path integral quantization and we can

to replace the Hamiltonian path integral of the original second-class theory with that of the BF
first-class system.

3. Massive p-forms
Massive p-forms in D space-time dimensions (D > (p+1)) are described by the
Lagrangian action [5]

_ Myt m2 e H
SolA, . 1= IdDX(—m FurigaF T i A AT, ()

Kyt

where the field strength of Aﬂl--#p is defined in the standard manner by

sa[#lAﬂz__#pﬂ]. We use the Minkowski metric tensor of 'mostly minus' signature

HHpp
c,,=0c"" =diag(+-...—). The canonical analysis of the model described by the Lagrangian

action (5) displays the constraints

Ol - n2
=7 7 10, 7((2) = pajﬂjil...iml _MAOil...‘iFF1 ~ 0, (6)

i g

@iy -1

and the canonical Hamiltonian

H, = Id P (-,

i fipip g
i T pA)il...ipflajﬂ-

1 il"'ip+l 2 Hy--Hp
+ 2:(p+1)! Fil...ip+1 F + én_p' Ayl.“yp A )’ (7)
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where z'*"" are the canonical momenta conjugated to the fields Aﬂlm . Constraints (6) are

second-class and irreducible [6].

In the sequel we apply the BF method exposed in the above to the case of massive p -

forms. In view of this, we enlarge the original phase-space by adding the bosonic

fields/momenta { B+, 11 .} The constraints G,(z,)~0 gain in the case of

Hye oy

massive p -forms the concrete form

Wiy Wiy i

gt =y T T ) Gilmip_2 EHOil“'ip—Z =0, (8)
@ = @ m ~

Gil...ip& = Xy _mnil...ipfl =0. 9)

Constraints (8)-(9) form an Abelian and irreducible first-class constraint set. The first-class

Hamiltonian complying with the general requirements (3) is expressed by

Hoe = H, + [0 Xy 170, — 41157 (poln

2
—_m_ A
'1‘“ip—l jil,..ip_1 (p-1)! A\)ll...lp_l)

_1(mALr _ (e gliigi2-ipl _ gy
L(MA -0 B )a[ilBiz...ip] (p-11 B 0 (mA)jil'“ip—Z 1

)l (10)

Jig-dp o

4. Covariant path integral for the first-class system. Topological coupling

In the sequel we show how massive p-forms get related to (D - p—1)-form gauge

fields. In order to do this, we start from the first-class system constructed in the above (subject
to the first-class constraints (8)-(9), whose evolution is governed by the first-class

Hamiltonian (10)). Imposing the canonical gauge conditions

CP = Ay, <0, CrE=B s, (11)

11'“jp—1
we obtain that (8) and (11) generate a second-class constraint subset, while (9) is first-class.
Eliminating the second-class constraints (8) and (11) (the coordinates of the reduced phase-

space are {Ar--ip , Bil"'ip—l, ztr Hi1~~ip_1 }), we are left with a system subject only to the
first-class constraints

— i __m ~
gy po Tiiyiyy ~ oo Hipi ~0, (12)

while the first-class Hamiltonian (10) takes the form

_ D-1 p! il"'ip 1 il"'ip+l m2 il"'ip
HBF - J‘d X[_?ﬂ-il...ipﬂ- + 2-(p+I)! Fil"'ip+lF +2—plA'llpA

. i
1 1 p-1 17l
+ 2(p—l)!H Hil...ipfl _EH

. : [ (p-1)! Al in..d ]
P polr —L(mATTP L onB Y )a[ilBiz___ip]]. (13)

Jig-dg g
We consider the quantities
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= _ (p1) =1
O =A o, B ® y (14)

m liy Zignipl? Oy g ‘m gy’
which are in (strong) involution with first-class constraints (12). We define

=5 @ (15)

HyHp g [y1 #2““up+l]’

where @, ={®y 3 P p}. By direct computation, it follows that
g .

iy

v —_ 2
oQ,, , =me,  +0(G

gt

). (16)

ip-dp g
From (16) we obtain that the equalities

8" D =0 (17)

V- g -

hold on the first-class surface (12). The solution to (16) is of the type

O,  =-i 1 Uy "2 e (18)

Myt _"H(D—pﬂ MMV VD _p

Consequently, we enlarge the phase-space by adding the bosonic fields/momenta {V bt

o }. If we replace (18) in (12), then the constraint set takes the form

GRVACLALIN) (19)

pajﬂ-jil...ip_l RRCEGED Eoiy...iy_4ip-ip_p
remains first-class, and becomes reducible of order (p—1). In order to preserve the number
of physical degrees of freedom we must impose the supplementary constraints

=0,  ()°PHD-p-DI'P, ;. ~O. (20)

P
OHHJD_p_Z JD_p_

The constraints (19) and (20) are first-class and reducible of order D—p—2 (or p-1 if

D - p-1<p). The gauge transformation of the quantity é[il Biz.‘.ip] leads to the relation

6,8 =, pioet (1)

lig Pigeip]l = T (pDF ©0ipdpipipopg
For each first-class theory we can identify a set of fundamental classical observables such that
they are in a one-to-one correspondence and possess the same Poisson brackets. The
procedure exposed previously preserves the equivalence between the two first-class theories.
As a result, the BF theory and the reducible first-class system remain equivalent also at the
level of the Hamiltonian path integral quantization. This further implies that the reducible
first-class system is completely equivalent with the original second-class theory. Due to this
equivalence one can replace the Hamiltonian path integral of massive p -forms with that
associated with the first-class system reducible of order D—p—2 (or p—1if D—p-1<p).
Using (14), (18), (21) and the first-class Hamiltonian (13) we obtain that the argument of the

exponential from the Hamiltonian path integral of the reducible first-class system as
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[P Oiy...i iy o
Ser = [A°X[@oA, ;)7 P + @OV, iy, P TP @OV, PO
o iy ipeed g fine , ip-ip_p]
+?7Ti1...ip7r P -3 pl+1! I:ilu.ipﬂ': P —(-)° W ['1 iy ip_p 10V "
e dp o \D-p m hdp 5 hdpopa | o D (D-p-1) h-dp_pa
2-p! Al...ipA ( ) gOIl 'pjl Jp_ p-1 P +( ) il"'iD—p—lp
Jigedg 4 m 0.1y 4Ky Kp_
A (e = o= T "0 Vi ip_p1)
_ 0 Ohip p2 ¢ NDpLy_ n_1)3@ Jy-ip-p-2
ﬂil...iD7p72 P ) (D-p l)ﬂ’il...iDipfzaj P ] (22)

7 _ j Jp---ip_pl
where ﬂ“nl...ipf1 - (_)p(/’l’ll...ipfl _%(Dflpﬁgoil...ipfljl_.jDipa v *) [7]-[8].
In order to obtain from (22) a path integral exhibiting a manifestly Lorentz-covariant

functional in its exponential, we enlarge the original phase-space with the Lagrange

multipliers {I'l---ip_f 2,,‘12) , } and their canonical momenta {z¥"1, pT'PP2 1 and add

the constraints
ﬂ_il...ip& ~0 pil"'iD—p—z ~0. (23)
Performing in the path integral some partial integrations over the auxiliary fields and using

the notations

/T’l i A11 'p 40? %ﬁ?.iD7p72 E\TIl ip_ p— 207 (24)
the argument of the exponential becomes
_ (4D 1 gyt 1 = _o|1 b ig-dp_p
SBF - Id X[_mFil...ipHF _TmFOil..up ( ) 2(D p)! '1 iD_pF
D Op-ip_p_1 A0 g e
-(=) mFOil...iD_p_l P +m80i1...ip_ljl...j|3_p "F P
bod O o
+mgil...ip0jl...jD_p_lAl | (25)
In the last functional we also used the notations
0'1 iy 0A| +(p -1) pa[i1 Aiz...ip]O! Fil,,.iD_p = a[ilviz,,,iD_p]l (26)
=0V, . +(—)° "o V. 27)

Oil"'iD—p—l 0%ip..ip_ p-1 [ip “iy.ip_ p _lo-
The functional (25) associated with the reducible first-class system takes a manifestly
Lorentz-covariant form

— [4oy[__ 1 E E e “#p-p
SBF_J-d X 2(p+1)! Fyl...up+1 () 2(D P)! yj_"”D—pF

n K,ul...yp Fvl"'VD—p ]’ (28)

— M __ e
pi(D-p)t © 4y.. Hp¥1-YD_p
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and describes a topological coupling between the p -form K#l.__ and the (D — p—1)-form

“p

Vs, 91101

Conclusions

In this paper we performed the path integral quantization of massive p-forms in the
framework of BF method. The BF approach involves an appropriate extension of the original
phase-space and then the construction of a first-class system on the extended phase-space that
reduces to the original, second-class theory if one sets all the extravariables equal to zero.
Based on an appropriate extension of the phase-space, integrating out the auxiliary fields and
performing some field redefinitions, we find the manifestly Lorentz-covariant path integrals
corresponding to the Lagrangian formulation of the first-class systems which reduce to the

Lagrangian path-integral for p - and (D — p —1) -forms with topological coupling.
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