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The class of massless tensor fields with the mixed symmetry (4,1) is 

investigated at the level of its local BRST cohomolgy. The main results 

regarding the general form of the nontrivial representatives from the local 

BRST cohomology at a given value of the ghost number and at maximum 

form degree are exposed. The basic results given here extend those from 

Refs. [10] and [11] on the tensor field with the mixed symmetry (3,1).  

 

 

1. Lagrangian formulation 

We consider a tensor field |t  with the mixed symmetry (4,1) , corresponding to a 

Young diagram with 5  cells and 4  rows. This means that 


t  is separately antisymmetric in 

the first four indices and satisfies the Bianchi I identity  

   0.


t  (1) 

We assume that this tensor field is defined on a Minkowski-flat space-time of dimension 

D endowed with a metric tensor 
  of 'mostly plus' signature )....,(== 

  . We 

denote the trace of this tensor by t  and is defined by  

 .=


 tt  (2) 

Accordingly, it is a completely antisymmetric tensor field. 

The free Lagrangian action of the massless tensor field 


t  reads as  
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The Lagrangian action is invariant under the (infinitesimal) gauge transformations  

     .
)1()1()1(

,   t
                                    

(4) 

This generating set of gauge transformations is Abelian and off-shell, third-order reducible. 

The field equations have the form  

 0,
4!
1 







T

t

S L

 (5) 

where the tensor field 


T  is linear in the tensor field 


t , second order in its derivatives 

and displays the mixed symmetry  4,1   

    








ttttT =  

                  
.











  ttt   (6) 

The gauge invariance of the Lagrangian action under the transformation (4) is equivalent 

to the fact that the functions defining the field equations are not all independent, but satisfy the 

Noether identities  

 0.0, 






 TT  (7) 

The presence of the reducibility shows that not all the above Noether identities are 

independent, so the trace of 


T  satisfies the identity  

 0.


T  (8) 

The most general gauge-invariant quantities constructed out of the tensor field 


t  and 

its space-time derivatives is the curvature tensor given below and its derivatives 

         ,,
tttK   (9) 

This tensor has the mixed symmetry  5,2  and is described by a Young diagram with five 

rows and two columns.  

 

2. The BRST symmetry 

The construction of the BRST symmetry for the free theory under consideration starts 

with the identification of the BRST algebra on which the BRST differential s  acts. The 

generators of the BRST algebra and their Grassmann parities are  
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BRST generator  ε pgh agh gh BRST generator  ε pgh agh gh 


t  0 0 0 0 *

t  1 0 1 -1 
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As both the gauge generators and reducibility functions for this model are field-

independent, it follows that the associated BRST differential ( 0=
2

s ) splits into 

,=  s  

where   represents the Koszul-Tate differential ( 0=
2 ), graded by the antighost number agh  

( 1=)(agh  ), while   is the exterior derivative along the gauge orbits and turns out to be a true 

differential ( 0=
2 ) that anticommutes with   ( 0=  ), whose degree is named pure ghost 

number pgh  ( 1=)(pgh  ). The overall degree that grades the BRST differential is known as the 

ghost number ( gh ) and is defined like the difference between the pure ghost number and the 

antighost number, such that 1=)(gh=)(gh=)(gh s . 

 

3. Cohomology of   

The most general representative of )(H ,   ( satisfies 0= , and   ) has the 

form (up to trivial  -exact contributions) 
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4. Cohomology Theorems 

Theorem 1 The cohomology of d in form degree strictly less than D  is trivial in the 

space of invariant polynomials with strictly positive antighost number. This means that the 

conditions  

 ,])[,]([=,<)deg(0,>)(0,=0,= KDaaghd


  

imply  

 ,=  d  

for some invariant polynomials .])[,]([ K


  

 

Theorem 2 The cohomology of d computed in )(H  is trivial in form degree strictly less 

than D  and in strictly positive antighost number  

   ,<0,>0,=)(,
,

DpkHdH
pg

k   

where p is the form degree, k is the antighost number and g is the ghost number.  

 

Theorem 3 If a  satisfies the properties  

 Dpakgk  =)(deg,=gh(a)0,>=agh(a)  

and the equation  

 0,=dba   

where  

 ,<1=)deg(,>1=)(0,>=)( Dpbkgbghkbagh   

then, one can always redefine a   

 ,= daaa
'

  

so that 0.=
'a  

Theorem 4 Let   be a  -exact invariant polynomial  

 .=   

Then,   can also be taken to be an invariant polynomial.  

Theorem 5 Let 
p

k  be an invariant polynomial with the form degree   p
p

k =deg   and 

antighost number   k
p

k =agh   wich is  -exact modulo d   

5.,=
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Then, we can choose 
p

k 1  and 
1p

k  to be invariant polynomials.  

Theorem 6 From any BRST cocycle from the local cohomology of the BRST differential 

s  in form degree D  and ghost number g  one can eliminate all the components with antighost 

number strictly greater then five only through trivial redefinitions.  
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