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Abstract 

Using the method of two-time dependent Green's functions applying to bounded and translational 
perturbed systems, the phonon spectra and thermodynamic characteristic of film-structures and 
superlattice are analyzed. Free and internal energy of the system as well as specific heat and entropy are 
found. The temperature behavior of layered structures specific heat is compared to that of bulk-structures.    
Keywords: phonons, ultrathin film, superlattice, thermodynamics. 

 

1. Introduction 

Application of nano-structures requires knowing of thermodynamic characteristics of 

these systems and their subsystems (electrons, excitons, etc) when these subsystems are in 

thermodynamic equilibrium with phonons [1, 2]. Free energy, entropy and specific heat of 

ultrathin films and superlattices (consisting of two periodically repeating films) will be 

analyzed and low-temperature behavior will be compared to the corresponding quantities of 

bulk structure [3 -5]. 

 

2. Thermodynamic characteristics 

We begin from the well-known expression of the Hamiltonian for the phonon 

subsystem in the nearest neighbor’s approximation, which depends o the α
n

ur

r
-the small 

movements of atom in place n
r

 from its equilibrium position in direction α  and α
n

pr

r
-the 

corresponding momentum. We assume that the symmetry is disturbed along z direction, while 

translational symmetry of cubic structure is conserved in XY planes. On the Figs.1 and 2 the 

nano-film and superlattice model of phonons are presented schematically in z direction, only. 
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Figure 1: Phonon nano-film model                  Figure 2: Phonon superlattice model 

The corresponding Green's function [6]: 
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After evaluating the commutators figuring in higher order Green's function [4, 5] and 

applying the partial configuration Fourier transformation one obtains the system of non-

homogeneous algebraic-differential equations for Green's functions for film and for 

superlattice. These equations can be reduced to there of simple cubic lattices with help of 

substitutions connected with the lattice constants. We obtain the solvable systems of 

algebraic-difference equations. The unknown Green's functions are: DDG mmn /; = , where 

mD  and D  are the variable, respectively the system’s determinants. The poles of Green's 

functions, determining the dispersion laws of phonons are found by equating the determinant 

D to zero. By expanding determinant through numerical calculations only [3, 6, 7], we give 

adequate number of values for frequencies 
k

ω . In this way, we found the dispersion law of 

phonons in nano-layered crystalline structures. 

The quadratic structure of Hamiltonian corresponds to the system of non-interacting 

phonons and the free energy of the system can be taken as the sum of partial free energies . 

General expressions for free energy and corresponding entropy are: 
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The phonon frequencies are 22
kBaA

k
+Ω=ω , where 

M

Cα
α ≡Ω2 , αρ 2+=A  , α=B . 

After calculations [7, 8], we obtain the entropies (per elementary cell), for nano film: 
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 and similarly for nanolattice. Here ( ) ∑
∞

=
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1j

jXr

r
ejXZ  are the Dyson's functions,  Ω= h0E , 

maxmin;; BakAnm +Ω=∆ h ,   mn ∆∆= /ε , baba MC // /=Ω , and ( )1+=
zyx

NNNN . 

Indices nf and sl are in relation to nano films as well as superlattices, respectively.    The 

analyzes shown that all phonon excitations of multilayer nanostructures posses energy gap. 

As a consequence the free energy and entropy at low temperatures are lower than in 

corresponding bulk system. Internal energy and specific heat are: 
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         In this way we found the following expression for nano film: 
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and similarly for the nano lattice. Whether the acoustical phonons were investigated in 

nanostructures, the specific heat is exponentially small at the low temperatures. The practical 

aspects of this effect were discussed in previous section. The phonon contribution into 

specific heat of ultrathin film, superlattice and bulk structures (in accordance with data from 

[5,7]) is numerically analyzed. Nanostructures are considered for "cut off" case, i.e. the 

deformations of boundary parameters of the system were not taken into account. Exposed 

numerical estimates of the specific heat are presented on the Fig.3.  

 

Figure 3: Low-temperature behaviour of specific heats nano and bulk structure 

By C is denoted relative specific heat, while x  denotes relative temperature: 
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It is seen on Fig.3 that the superlattice above 35 K has higher specific heat than ultrathin film. 

It means that its thermal conductivity is higher. 
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3. Conclusions 

Our analysis has shown that it is expectable for ultrathin films and superlattices to be 

better superconductors than the corresponding bulk structure. Experimentally confirmation of 

this can be found in [9-11]. At the temperatures below 10 K and above 80 K the specific heat 

of the bulk structure is higher than those of ultrathin film and superlattice. It means that in the 

temperature ranges quoted bulk posses higher thermal conductivity, and higher electrical 

conductivity. This is of practical interest, because between 10 and 80 K ultrathin films and 

superlattices have lower electrical resistance and they can be used for save of electric energy. 

The main low-thermodynamic characteristics of nanostructures are considerably lower 

than those of the bulk structure and consequently, their superconductive characteristics are 

better than those of bulk structures. 
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