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Abstract

An approach of the extended BRST Lagrangean formalism via its equivalence with the Hamiltonian one is
proposed. This approach will allow a better understanding of the ghost spectrum and of the form of the
master equations. We will also point out the key role played by the non-canonical operators which appear in
the Lagrangean context for the gauge fixing procedure. To be more concrete, the case of an irreducible first
rank theory endowed with a sp (3) BRST symmetry will be considered.

1. Introduction

This paper intends to present a new approach by which one can recover, in a simpler and
accurate way, the main results of the extended BRST Lagrangean theory on the basis of the
equivalence between the extended Lagrangean [1] and the Hamiltonian [2] formalisms.

In the standard BRST approach [3], [4] the two formalisms impose practically similar
constructs. They ask for minimal sets of ghost-type generators which allow writing down a
solution of the master equation, but also for a non-minimal sector which have to be used in the
gauge fixing procedure. When an extended sp(n>1) BRST symmetry [5] is implemented, the
things change and the similarity is broken. The fundamental difference between the two
formalisms consists in the existence of the single BRST generator,S, but of nantibrackets
(,),,» a=1,...,n in the Lagrangean case, and of n BRST generators {Q_,a=1,...,n} and a single
structure of bracket (generalized Poisson bracket) in the Hamiltonian case. In the last case the
phase space is generated by pairs of canonical variables, ghosts and associated ghost-momenta,
and on their basis, the extended Poisson bracket is defined [5]. The BRST operators

{s,, a=1,..,n} are connected with the BRST charges by equations of the form:

s, x=[%Q l,a=1,..,n (1.1)
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In the Lagrangean approach, the similarity with (1.1) should ask for a relation between the

BRST generator and the 77 different antibrackets of the form:

s, #=(x,8) ,a=1,..n. (1.2)
It is well known from the sp(2) BRST Lagrangean [1] approach that the relation (1.2) is

not valid. The requirement of acyclicity asks for the introduction of same "bar" variables, without

canonical pairs, variables which generate the apparition of some "non-canonical” operators Va
in the master equations. Lagrangean equivalent of (1.1) will be not (1.2) but:

s,*=(x98), +V, * a=1,..,n. (1.3)

The form of the operators Va has been "guessed" in the sp(2) [1] and sp(3) [6] cases. It
depends on the ghost spectrum, but this one becomes as large as the order of the symmetry
grows. The non-minimal sector dramatically expand, it too. It is practically impossible to

maintain the control of the process. To explain the origin of the non-canonical operators V_ and

to find a way of determining their concrete form represents two important aims of this paper. We
will also see the importance of these operators in the gauge fixing process and we will propose a
manner of controlling the extension of the ghost spectrum, so that to maintain it at the minimal
necessary structure. More precisely, we will derive the form of the master equations in the
Lagrangean context starting from the Hamiltonian one. We will use three important assets:

(i) a bi-graduation defined by the ghost number (gh) and the level number (lev) [7] can be

used, and the variables with the same bi-degree in the two formalisms can be identified;

(ii)  the action of the BRST operators is the same on the common ghost-field spectrum in the

two approaches; (iii) in the Lagrangean approach, the Koszul differentials o, can be
split in two parts: a canonical part, with a non-trivial action on the antifields with
canonical conjugates only, and a "non-canonical" part acting on the single "bar" variables:
6, =06,"+6," (1.4)
The previous decomposition induces a similar one at the level of the whole BRST operator:

s, =85 450 (1.5)

The supposition (ii) from behind is based on the remark that the field-spectrum in the
Lagrangean and in the Hamiltonian constructions are practically the same. The third supposition

does not refer to the Hamiltonian approach which implies canonical pairs of variables only, so
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that the non-canonical operators loose here any sense. Moreover, because of in the Hamiltonian
theory two important problems have been solved: how to introduce in a natural way the non-
minimal sector [7] and how to choose the gauge fixing term [8]. These are problems which when
we try to built the Lagrangean covariant formalism, we are faced with major difficulties. All
these represent important arguments which suggest that, despite its luck of covariance, it is more
convenient to work in the Hamiltonian frame and to obtain the Lagrangean formalism on the
basis of the equivalence between the two.

We will try to prove this assertion and to recover some basic results concerning the sp(3)
theory. To be more concrete, we will restrict ourselves to the study of the irreducible first class
models. The paper is structured in four parts. After this introduction, in the second section we
will briefly review some known results on the Lagrangean and, respectively, Hamiltonian BRST
extended formalisms. The third section will contain the core of the paper and it will effectively
use the equivalence between the two formalism in order to give important details on the main
equations and quantities appearing in the sp(3) Lagrangean approach. We will emphasis the key
role of the bar" antifields associated to the Lagrange multipliers in the gauge fixing procedure.

Some concluding remarks will end the paper.

2. Basic results on the extended BRST theories

Let us consider a gauge theory described by the Lagrangean action S.[g'] , where

{q',i=1,---,r} represents the set of all fields of the theory. The action is invariant in respect
with the gauge transformations

0.q' =R![qle*; a=1,---,m. (1.6)

In the BRST Lagrangean approach, starting from this action one obtains the solution L of the
master equation and the path integral Z, by an adequate gauge fixing procedure.

In the Hamiltonian case a theory with constraints corresponds to a gauge theory. It is
described by an Hamiltonian H,(q',p,) and by a set of the constraints
{G, (qi,p[) =0;i=1,..,rna=1,---,m} . We will refer in this paper to the case of an irreducible
theory with first class constraints, case in which the extended Hamiltonian H ©" has the form

H (q,p.u)=H,(q,p)+u’G,. (1.7)
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The algebra satisfied by the constraints is given by:
[G,.G41= f1,G,i[H,,G,1=V/G, (1.8)

and we assume that the structure functions f; and V7 are constants. The canonical action

will be S.Lg. p.ul=[dilg' p,—H'"" (q. pu)lsi =1,:+.r. (1.9)
The action (1.9) is invariant under the gauge transformations

0,9 =1q'.G,1e%; 8.p, =[p;,G,1e” (1.10)

Su“=¢ —Viel + fru’e’. (L.11)
The main problems of the Hamiltonian approach consist in determining the form of the BRST
symmetry, given as a differential operator or as a canonical charge, as well as of the gauge fixed

Hamiltonian which observe this symmetry. When a sp(3) symmetry {s,,a=12,3} is

implemented, it can be built in an extended phase space generated by the following set of

canonical conjugate variables:
Py ={7 s Py 0, 1:0" =1{q", 0™ A 1"} (1.12)
The master equations which allow us to determine Sa or the corresponding charges €, are:
5,8, +s,5, =0;[Q,,Q,]1=0a=123 (1.13)

The concrete forms of the BRST charges are in this case:

Q =G,0%6, +&, P A" +— fa/P 0% 0%, +

abc ™ ac

+7, 0% +— f/,, z N “”5M+ fw [ €,a7,0“ 0" Q%6,, + (1.14)

1 1 .o
+§faﬁ775777ﬁQ”"’5ba +E(fw‘9f6/ + oo’ fou WT,ACQ5078,,,a=1,2,3.

A way of passing towards a Lagrangean approach is given by the fact that in (203) the momenta
{p',i=1,---,r} can be seen as auxiliary variables and, therefore, can be eliminated on the basis

of their equations of motion. One obtain at the end the action

Solg.ul= [dt Ly(q,q.u). (1.15)

In this case, the relations (1.10), (1.11) become:
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&' =al(q.qu)e";u" =€ ~Viel + fru'e’ (1.16)

and the Noether's identities will take the form

oS, oS, v ea
&] ﬁ &/ta[ V +fﬁ}’u

(1.17)

In the sp(3) case, the Lagrangean formalism allows to obtain the solution of the master equation:
%(S,S)Q+VQS:O, a=1,2,3 (1.18)

As a very important remark, we have to mention that this extended space is generated by the
same set of fields as in the Hamiltonian approach:

W, 0" ={u",q'. 0" = (u",q', 0", A" .0} . (1.19)
A key role is played by the antifields associated with the Lagrange multipliers. This can be
identified with the ghost-momenta [8]. The differences start when the total antifield spectrum is

compared with the ghost-momenta given in (1.12). The existence of 3 antibrackets will ask for
the introduction of three different sets of antifields, { Q7 , a=1,2,3}conjugated with {Q"} from

(1.19) in respect with each antibracket, a =1, a=2 and respectively a=3 . So, the extended

configuration space adequate for implementation of the extended sp(3) BRST will be generated

by: (0",0"10,0,4,,0,a=1,2,3}. (1.20)

The gauge fixing procedure in the extended Lagrangean formalism [1], [6] supposes the
introduction of the non-minimal sector, fact which will determine an extra-extension of the
generators' spectra.

Remark 1: Considering the action (1.15), the solution of (1.18) will start as:

SE[‘L“?Q? (]*’“*,Q*,‘}”f;,é]: So[(]’u]"‘
1 *
+ [dt (@,0,0" +15, Q"= VO™ + fiw Q™)+ 2 f5/(0 0 0 +

wawaﬂ’ﬁb +77me}0 ﬁb)+ )
Remark 2: A very useful tool in the construction of the Lagrangean formalism will be the

structuring of the configuration space using the same rules as we proposed for the Hamiltonian

approach. It will be based on a double graduation following the ghost number, § h, and the level
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number, lev . This graduation will allow the identification of the generators and will smooth the

transfer process from the Hamilton to Lagrange.

3. From Hamilton to Lagrange

The study of the equivalence will impose the identification of the action of the BRST
operators, Hamiltonian {sf ,a=1,2,3} and Lagrangean {sf,a =1,2,3} , on the common fields
0*={q'.0"} :

szA = saLQA (1.22)

where O* represents the set of the ghosts, set which in the sp(3) case is given by (1.19).

As a general rule, the proof of the equivalence between the two formalisms imposes the

following steps:
1) to obtain the antifield spectrum, the proper solution of the BRST generator S and the

concrete form of the non-canonical operators Va specific for the Lagrangean formalism,
knowing the expression of the BRST charges €, and using the relation (1.22).

2) to recover the main quantities of the Hamiltonian formalism on the basis of a Lagrangean
annalysis of the action obtained after eliminating the original momenta {p',i=1,---,7} , and
considering the Lagrange multipliers as usual fields in the canonical action.

In this paper we are interested to follow the first step only and we will do it considering the case

of an irreducible first rank gauge theory described by the canonical action (1.9).

It is remarkable that, following the ansatz (i) from the introduction concerning the bigraduation

(8 h,lev), we can transfer the ghost-momenta from Hamiltonian approach as antifields associated

with Lagrange multipliers in Lagrangean one:

(-Ll~a) (Ll=a) (=2,a-4) (2a=4) (33) (3.73)
E3
P, =u, T, = Uu , T, = Ua (1.23)

This identifications suggests the possibility of extending (1.22) with

H L% H L H L
S, P, =S Uy, Sy o =S, Uca, Sy T,y =8, Ua. (1.24)

oa oa

We observe that: (i) each ghost-momentum {7,}which is not affected by the sp(3)index is in

correspondence with the new bar antifield {;a}; (ii) the antifields {;m,a=1,2,3} are in
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correspondence with the ghost-momenta {7, ,a=1,2,3} . These correspondences are established
following the Grassmann parity and the bi-graduation (gh,lev).

For recovering the Lagrangean formalism from the Hamiltonian one, we start from the
expressions of the BRST charges (1.14) and we will assume that the relations (1.22) and (1.23)
are observed. We are interested in recovering: (a) the antifields spectra, generators of the Koszul-

Tate tricomplex; (b) the sp(3) BRST generator (1.14) and (c) the form of the master equations

used in the Lagrangean sp(3) BRST approach. The term from the left hand side of (1.22) has
the form sT0* =[0%,Q,] (1.25)
Conclusion 1: Our approach of the equivalence between the sp(3) BRST

Hamiltonian and Lagrangean formalisms allowed to recover and to justify the structure of the
configuration space in the sp(3) antibracket-antifield formalism.

The natural question which appear in this moment is connected with the action of the BRST
operators {s,, a=1,2,3 } on the bar antifields which do not have canonical conjugate pairs? It
is clear that for these variables the relation (1.25) is not true. So, we will decompose the BRST
operators after the resolution degree (res). It is defined as being 0 for ghosts and “-gh” for ghost-

momenta. The decomposition will have the form:

= (k) =D O M @ )
sa=Zsa:§a+da+sa+sa+---, res(s,) =k (1.26)

k=—1
We will have in mind from now on the graduation (res,/ev) of the ghost-momenta

(2,a—4)
T,= T, (1.27)
The relation
(-l,a-1) (0,a-1) (1,a-1) (2,a—4)

Saﬂ'ah:( 511 + da + S, +) ﬂ’-ah —
L1-) 1 (2,b—4) (0,a—})
=Eue Fu ¥ D Ty OF 6.+ (1.28)

(2,-3) (0,6-1) (0,c-1)

1 o
+E(f6 aaf7 9ﬁ+fe ﬁo-fyea) 72’.7 Qﬁb Q 5ca

leads to the conclusion that:

(=1,a-1) (2,b—-4) (L,1=c)
T, =&, P

abc ac °

c=6-a-b (1.29)

a
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0,a=1) (2,b—4) 1 (2,b—4) (O,LECI)
—_ f7 3
d ﬂ'ab - ) aof ﬂ'ulb Q 5&1 +

a

(1.30)

(2.-3) (0,b=1) (0,c=1)

1 o
+E(f€ adf70ﬁ+ fg ,Bo-fyﬁa) ”7 Q/Bh Q 5ca’

On the basis of this relations and using (1.24) and the identifications (1.23) we obtain

- (=La-1) (0,a=1) (L,a=1) (2,0-4) Y
Sjuw=( 0, + d, + s, +) U =5, T, =

1,1-c) (2,6-4)  (0,c-1)

= gabc I/l; +§fa},/3 u a Qﬁé 5&1 +
(1.31)
1, . , . (2’—_3)(0’}],5;71)(0’0501)
+E(f o:o-f 0ﬁ+f ,Bo-f 190:) u, Q Q 5ca
The last relation leads to
(-1,a-1) (2;h—4) (1,1-c)
5aL Uap :€abc u;: (132)
(0,a-1) (2,b—4) (2,b-4) (0,c-1)
d' uaw =§fa7ﬁ uaw Q%68 +
1 (2,-3)(0,6-1) (0,¢~1) (1.33)
4 6 b C
F S aaf ot £ o) w, Q7 0% 5,
Similarly we obtain
(=1,a-1) (&—3) (2;b—4)
OF Ua =0, Ua (1.34)
(0,a-1) (3,-3) (3,-3) (0,c-1)
#’uazaﬁ%an&dm (1.35)

In conclusion, the Koszul operators can be decomposed in a canonical part and a non-canonical

part: 0%x=(0"+0)x=(x ,§),

+V, (1.36)

ghosturi=0
The relation (1.36) implies the decomposition of the BRST operators as:

sE=(s" 45 )x=(x ,5), +V, * (1.37)
The canonical part of the BRST operator has non-trivial action on the pairs of conjugate variables

{QA,Q:(J} and it is expressed by the antibrackets (, ),,a=1,2,3. By contrary, the non-

canonical operators Va have non-trivial action on the “bar” antifields {é =12, 3} and

{0} only:  (+,0,),=0:V,0,,=0:V,0,,#0.V,0, #0 (1.38)

The BRST variation of the {Q"} fields can be expressed now by
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5.0 =(s7" +5,)0" =(0".5), +V,0" (1.40)
where s =(%,8) , sTHx=V ®, (1.41)

So, our approach of the equivalence between the two formalisms allows us to obtain the
usual form of the action of BRST operators on the fields which appear in the sp(3) antibracket-
antifield formalism. We pass now to the next aim of the paper: to obtain the concrete form of the
master equations. We know that in the Hamiltonian formalism we have:

shr, =7,,Q,1=¢€,.P, + (1.42)

abc ™ oc
Sf”w:[ﬁw’ga]:é‘abﬁad?—i_“. (143)

Similarly, in the Lagrangean formalism we obtain

— — — (L3%) —
L, _ -
S uay = (Uar,S), +V sty = V, e

(1.44)
— — — (1.38) —
Siue = Ua,S), +V, e = V, ua.
From relations (1.32), (1.34) and (1.44) we could identify
Vit = Epit, V,ita =0, liab. (1.45)

A possible solution for the non-canonical operators V, , a=1,2,3 which satisfy (1.45) is

‘/a* = gabcu:lc _i g +é‘ab;m’ i *,a= 1, 2, 3. (146)
§Mah 51401

We will extend this result for all the antifields and we will consider V, of the form

R

A ) A — o
Vir=(—)e QF ——x4(-)C§ — %, a=1273 1.47
a ( ) ahCQAc §QAb ( ) ahQAb 5QA ( )

with the properties

VV,+VV =0,V.3,+6,V,=0, a,b=12,3. (1.48)
From nilpotency condition for s expressed by (1.37) we obtain the form of the master equations
%(S,S)a+VaS=0, a=1,23. (1.49)

Conclusion 2: The action of the BRST operators on the generators of the extended space in the
two formalisms, Hamiltonian and Lagrangean, has the form

l¢',Q,1=(¢",S),; [0”.Q,1=(0",S),

ob ob o o (1.50)
[A7,Q,1=(A7",9):[n.Q,1=1n",9),
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[P,.Q 1=(u,,S), +-- (1.51)

(7, Q. 1=V, ttas ++; [, 1=V, tha+---. (1.52)
Conclusion 3: The non-canonical operators which appear in a natural way in the theory can be

used in the gauge fixing procedure. How to implement this original gauge fixing procedure will

represent the aim of a forthcoming paper.

4. Concluding remarks

The study of the equivalence between the Lagrangean and Hamiltonian formalisms in the
BRST theory seems to be not a formal problem, but an important manner of understanding the
theory itself. What is the significances of the non pairs variables, what is the complete action of
the BRST operators, what non-canonical part appears in the master equations, what is the
importance of the non-canonical operators from the master equations are some of the problems to

whom our comparative study of the two formalisms offered clear answers.
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